Elements of the
scattering theory



Elastic scattering



Two colliding (interacting) particles

Particles with masses m, and m,. interacting with potential V(r -r,)

r=r|—1n
Coordinate of the center of mass

Rem = (mr1+morp)/(my+my)

In the centre-of-mass frame of reference, the coordinates of the two
particles are

rgcm) _ mj r rg:m) _ mi r
mi1+ m» mi—+ma
: mimy
[f one introduces the reduced mass Bl
mi+ my
The Hamilton function becomes b’ . dr
H(P,r)=ﬂ+V(r) with p=u-—-

-2

Then, the Hamiltonian operator is H:2p—+V(r) with p=—r ﬁ
w



Scattering Amplitude

Schrodinger equation 22

[_2;” T W ) V(r)]w(r) =Ey(r) E =h%?*/Q2u)

Boundary conditions for a solution
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Now, we assume that the potential falls off faster than 1/r*: r2v () = 0



Current density

The amplitude f{0,0) depends on the current density, j(r).

Classically, j(r)=vn is the product of particle density and velocity.

Quantum-mechanical expression is:
J(r) = m['ﬁ (l’)—lﬁ(l‘)j| = —¥ (r)Vy¥(r) +cc
% 21

[ts value depends on normalization of the incident wave. For example,

for oikr

yr) <~ e 4 £ (o, m

the current density in the 1nc1dent wave is  Jin = €hk/p

Butj in the outgoing wave is Jout (T) = _| 1, ga,’>)|ZE +:0 (%)



Cross Section

Number of particles crossing area ds at large r per unit time in the

outgoing wave: _ .
5 5 limy 5 00 Jout(r) - ds

with ds =ér?d2  df2 = sinfdhde

Le. the current density in the outgoing wave is  (pk /)| £(8, ¢)|2dS$2

If one normalizes with respect to the current density |jin |_ = hk/u

d
do =|f(6,¢)| d2 é =7 @, )|

[t is the differential elastic cross section. The integrated elastic cross
section is

do 2w T 5
= | —d&2= d sin@do| f (0, |
o fdQ 4 qbfo sin6do| £ (0, ¢)|



Cross Section

do =|f0.¢)| ds2

do 2m T 5
= | —d@= d sinfde| f (0,
o fdﬂ D qbfo sin6do| f (6, ¢))



Lippmann-Schwinger Equation

The differential Schrodinger equation )
(E + EZ\)W(I‘) =V@®y(r)

is transformed into an integral equation using the free-particle Green's
function

oiklr—r'|

ﬁ2
E+—/_‘xr)%(r, I‘f) :5(1‘—1"') BN M
( 24 IO =
The wave function obeying

W (r) = e*% + f%(r, ) VaHyaHdry (1)
Lippmann—-Schwinger equation
is also a solution of ( 12

E + Z—A)W(r) = V(@)y(r)
7

The e** in (1) can be replaced by any solution of the homogeneous

equation
[E + (h*/(2u)) Al¥ (r) =0



Born Approximation

, | ik|r—r'|
When |r|>> ||  theGreen's function g yy—__H* °©

2mh? r— 1|

m eikr ikt /
s e O]

@) ek 0, ¢)—

is approximated by

plugging it in ¥ (r) =e* + [ G (r, X )V )y @)dr
H —ikp1r’ / / /
f(e,qb):—zmzfe ey () (1) dr

[t is an exact solution if it converges. It converges if V(r) is less singular
than 1/r* at the origin and



Born Approximation

Inserting ¥ (r) = oikz + /g(r’ r!)V(rf)w(rI)drf
In . H —ikp-r’ / / /
f6.9)=—5" fe V() v (¥)dr

We obtain ) = _2th2 [/ dy/e— ke T V(rf)eisz

v [aretervie) [ara.)v ()]

Retaining only the first term gives the Born approximation.

fBDm(Q, gb) — _Z;Lhz fdr e—lkr I'fv( ) 1kz — zjil'hz [drfe—iq-ﬂv(rf)

q=k(er— €;) g = 2ksin(6/2)



Angular Momentum: summary

e

Definition L =r x p properties [Ex, I:y] — ihﬁ2
Eigenstates and eigenvalues
L2Y; (6, 9) =1+ DAY m(0,¢), [=0,1,2,...;

LYim(O,¢)=mhYim@,¢), m=—I,—1+1,....1—1,1.
Spherical harmonics Y, (6,9)

Ym0, ) = e™? sin”! (0)Pol;_j (cos )

21 +1
[ Yi.m(2)* Yy (£2)d2 = f d¢ f dcosOY;m(©0, ) Yy (0, d)
0 -1

= 01.1'Om.m’
[
im0 =7,0+ 1) =1, -n0,0) = (1) 116, 9) for two vectors a, b, with |a| < |b|
20+ 1 B
Y1 m=0(0) = - P;(cos8) 1 ‘I

P;(cosB)

|a
|E

oo
1
. 2 —
/—1 Pi(x) Py (x)dx = 2l+13z,r |a — b| ; |b|i+1



Partial-Waves Expansion

The solution with boundary conditions v 26k 1 £(0. ) eltr

r

is usually represented as an expansion over states with a definite
angular momentum, so-called partial waves.

. 8]

u(r) 1
)=y 0)= Z — Pi(cos ) - N \/’
r incoming -
£=U plane o / If scallfgbl L
From the Schrodinger equation in spherical . \\//
coordinates SN
outgoing spherical l wave
. 52(32+2a +i‘,2
2 2u\ar2  ror 2ur?

one obtains the radial Schrodinger equation

R A2 I+ DR?

[_Zﬂdrz T o T V(r)}m(r) - fut

(HEWI):/; uy(r)*u;(r)dr



Scattering Phase Shifts

For free motion, V(r)=0, [ > d> 11+ DHR?

the solutions of Dpars T e + V(?’)}HI(’”) = Eu;(r)

are obtained from spherlcal Bessel functions
> (kry =krjitkr),  w” (kr) = —kryp(kr),

5) kr—:-oo . T |
k kr — [ — 0,
(kr) sm( r 2) + (kr)
() kr— 00 T 1
u; (kr) = cos|kr—1— O
0 ( 2)+ (kr)

1+1 2
S) (kr) Kr—4 V7 (kr) |:1 _ er) :| u” is a physical or regular solution
U+ (] + j) 4l 4 6

kr—02' I+ %) [ Gy

(C) (C) . . . .
k ~ u'?is an unphysical or irregular solution
4G S (kr)! 41—2} | P ;



Scattering Phase Shifts

When V(r)#0, [ R 4> 1+ DHR?

the solutions of Dpars T e + V(?’)}HI(’”) = Eu;(r)

at large distances are superpositions

w(r) o Au®(kr)+ Bu'® (kr) & sm(kr—la-l—ﬁg)

0,is scattering phase shifts tand; = B/ A
The partial-wave expansion Y (r)=vY(r,0) = Z hi) Pi(cos )
r
elkr =0

In v < ek + £, qb)— the e term 1s

o0
= (2 + Di' ji(kr) Pi(cos6)
[=0



Scattering Phase Shifts

lkr

In ) X6k 4 £ o, @ the second term could be written as

J0)= Z f; P;(cos9) Where f are called partial-wave scattering amplitudes.
1=0

Y(r)=y(r0)= Z ﬁPg(aos 0). 2 = 2(21 + 1')i£jg (kr) P;(cos )
r

=0 [=0

— [ 2] + 1 _
u(r) F 300 o ;_ sin(ki‘ — f%) 5 ﬁel(kr—ln/Z):|

.; 2!+1 i f lﬂ' —|—f I lJT
= 1 i 1 sin| kr — [ — COS S
\ : 1 2




Scattering Phase Shifts

Using wi(r) & Auf(s) (kr) + B”I(C) (kr) o sin (k” - l% T 55)

tand; = B/A
— [ 2] + 1 .
u(r) F¥00 of 2_ sin(kr — f%) e ﬁel(kr—lJT/Z):|

il 2'-"|'1_|_.’r nlkr =15\ + 1 g

— 1 S | sin| kr — [ — cos| kr — [ —
A 2[4+1 20 +1 . olad

coto; = o = ! +1 Ji= 2T e gin 8 = —+ (e2% — 1)

B k ik

o0 20+ 1
u(ry = T_I_ il 10 sm(kr — 15 + 8;)

o0

s 21+1 ;.

U (1) e Z k+ il el sin(kr — l% + 5;) P;(cosB)
r



Cross section

Using do 2m % 2
5 :f_dg _ d¢f sinfdd| £ (0, ¢)|
0 0

5 2U+1,
) X DGZ k+ ifeﬁfsin(kr—zg+53)Pg(cose)

r
[=0

do
@—V )" = 5 Z 01=81) (2] 4 1) sin & (21" + 1) sin &y Py (cos 6) Py (cos 6)
Ll

I
2
Pr(x)Pr(x)dx = 811
f_l()z() TR,

4 %0 | )
2+ |f£| - k2 Z(Zl—l—l)smzég 22(2[4_1)‘3213;_”

[=0 [=0 [=0

o =

Mg

4 _
G’:ZO’[;], o[ = k—2(21—|— 1)81[123
1=0 | -
Maximum possible cross section, the unitarity limit: O max = 77 (21 + 1)



Normalization

For a bound state 00 .
(up|up) :L up(r) up(rydr =1

For a continuum state (regular solution of the Schrodinger equation):

(W) o3k - )
To find the normalization coefficient, one uses the property:
/ o0 T
(uP]ul) = f sin(kr) sin(k'r)dr = 58(!«{ — k)
0
Therefore, the regular solution should be normalized as

(k)(r) r—00 \/Zsin(kr . f% ik 33) — {ugk)|u§k’}) - S(k — kf)
T

Energy normalization:

(E) r—>oo 2,{1, p T f
U~ = sm(kr—li +31) (@%]u"") = s(E — E)




S-Matrix

. o0 20+ 1
We derived u(ry ~° T_I_ il glor sin(kr = l% + 31)

[t can be written as wi(r) ~ 232-"; 1 {1+ gilkr=1m/2) _ (idigtilhr—1n/2))

222_; 1i2£+1[6_ikr ( l)f 219 +lk}‘]

218y

The quantity §;=e is the scattering matrix.



Example: scattering from a hard sphere

A hard sphere of radius R

For r< R the solution u (r)=0.

For r> R the solution is AM;(S} (kr) + Bufc) (kr)
At the boundary: Au}S} (kR) + Bu(c) (kR) =
(s) * 1(kR
B_ _u (kR) _ JikR) 5 :arcmn(ﬂ( )) el s B
A ukR) NikR) yi(kR) '
dj—0 = —kR
for I>0: 5 KRS0 T (kR)QEH[l (kR)Q( 1 N 1 )}
I~ = _ — | = -
ra+3Hra+h\2 2/ \l=3 1+3
kR—:roo

) —kR l—
I + 5



Scattering phase shifts for the hard sphere

0 ' ' | -
_ s
| =4
_ [=3
[ =
[ =2
| =1
'2_| | | |l=0_
0 2 4 6
kR
Si—o = —kR
s kR0 T KR\ ! | kKR\>/ 1 1
: TA+5Hra+ H\ 2 2 g_l+g 3

kR— o0

5 kR+17
[ : 2



Low-energy collisions

For small energies the wave function near the origin is
wilry o u§ )(kr) + tan 8;u\" (kr)

21+1 1 3
Jklt L s 22X rd+Hrd+3)
piaa (N %) ! 7 k21,1

L

But for small k, the solution u,(r) should be just Au’(r) , i.e. expression in
the parenthesis should not depend on k. It means that

s k220 7T (a;k)”“
ang; ~ —
rd+hra+3)

a, are some constants depending on details of the interaction V(r). They
are called scattering lengths.

At E - 0 (k = 0), the equation gives Wigner’s threshold law for various

processes.  do ;

lim — =a and Ilmo =4mna
k—0dSs2 k—0

2

For elastic scattering



Scattering length

ui(r) " u® (k) + tan 8 (kr) e - (alk)zm
tano; ~ —
o JEE T 5 22+Hra+ Hhre+3) ri+pra+s)
2HI(+ 3) s rtan) kAL

When k — 0, the wave function at large ris (kr is small but finite)

a2£+1

u ) (r) .

When a =0, u”(r) is just the regular solution of the radial Schrédinger
equation with V/=0.

When a= - oo, u”(r)~r’, i.e. for I>0 it can be normalized to 1, i.e. it
corresponds to a bound state exactly at the threshold.

For the s-wave

()r r
u oc rF—aoxl]— —
1=0 P



Example: square potential well

—Vs forr <L, _thg

V(r):!() forr > L, Vs = 21

IB(oLund 2<;tat((e1 \I//vi‘_ch E=0 when
[L=m/2 and V_is §0) |

Eo = (30)?/(2uL?)

For this solution, u_, (r)— =
constant at r>L.

For a slightly larger V, a

bound state with E<O
appears. g




Scattering length for the square
potential well

\I(r) N Vg<Bs V(
1 )
e - S:E"" :® —:1_-; \

b
— a=-, PzLﬁE-)r

(0) r—>0o0 _ r
Up_g X r—acx | — —
= a

a/L

tan( K<L
S _ an(KsL)




Scattering length and weakly-
bound states

NCe) _ -~ %% Aweakly-bound state
Ey = —h*ig /2u)

U (r) o< 1 —rlis 4+ O (k)] (16 > 0)

()r r
U oc r—aoxl——
1=0 P

1 «,—0

T kT O (kp)

hzf( a—> 00 hz |
Ep = b T _ 0
P 21 2ua? + (a3)

It corresponds to a large positive
scattering length a.



Example: Ultracold cesium gas
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FIG. 3: (color online). Binding energy of cesium molecules
near three Feshbach resonances as a function of the magnetic
field. Zero energy corresponds to two Cs atoms in the ab-
solute hyperfine ground-state sublevel |F =3,mr =23). The
measurements are shown as open circles. The fit (solid line)
is based on Eq. (), see text. The inset shows an expanded
view in the region of the two d- and g-wave narrow resonances.
The error bars refer to the statistical uncertainties.
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FIG. 4: (color online) Scattering length of |F'=3, mr=3) ce-
sinm atoms in the magnetic field range where three Feshbach
resonances overlap. The solid curve shows the result of this
work while the dashed curve represents the prediction from a
previous multi-channel calculation Iﬂ}
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Potential (shape) Resonances

Consider a solution of the Schrodinger equation, which behaves

asymptotically
wy(r) 2° itk —lm/2) _ (218 o tilkr—Ix/2)

Consider the time-dependent Schrodinger equation. Its solution is
. hk?

u® @, t) = u(r)e ™! w(k) = —

2u

Consider now a wave packet (a superposition) of solutions of the
stationary equation

u(r, t) :[ u® (r, 1) (k)dk
0
®(k) is a narrow function of k such that

wk)~o+vk—-k), o=wk), 0= -



Potential (shape) Resonances
dw hk
Cdklp o

The lower limit of the integral can be extended to -oo. The first term in

&

e |

wk)~o+0k—k), &=wk)),

o0
sulrif) = [ u® no®ydk  u(r) P20 —ikr—in/2) _ 28 o +ilkr—In/2)
0
can be written as

Min(}pj f) = [m e—i(kr-!-mt—hr/Z)Qz)(k)dk

— 00

~ e—ifEr—i.::;-: d fm e—i(k—£)(?‘+f}t)¢‘5(k —bdk— k)
—00
or in the form

ui(r, 1) = e KB (4 gy
For example:

b(@)oxe BC? —  wx)oe /@B



Potential (shape) Resonances

For the outgoing wave in  #:(r) P20 o—ilkr—Im/2) _ 28 o +itkr—In/2)

. . i _ds
in the small interval of k 51(k) ~ 81(k) + (k — k)dk!

k

the integral u(r, f):f u® (r, 1) (k)dk
0
is approximated

H‘J“t(n t) = — /~oo e+i(kr—mf—!n/2}62i35¢(k)dk
—00

—00
dé;

Ar =2—
dk i

The integral can be expressed in terms of the same function ¥

uout(r! r) = e+i£r—i@rezisg(§)(_1)3,},[_(?, Ot + Ar)]



Wigner time-delay

Incoming wave in u(r,t) = e "Ny (r 4+ D)

Outgoing wave u®"(r, r) = et * ~i0 200 (1)@ [_(r — §t + Ar)]
do
Ar=2—
dk |
For a free wave (scattering with V=0), Ar=0.

Therefore, Ar is the space delay due to the potential.

dé;
dE |5

The time delay is At=—=2—=—

O hk dk | = h?k*/(2p)

Time delay could be positive, zero, or negative.

d1—0 = —kR

For example, for the hard sphere: ER—>00

) —kR l—
I - >

kR—:-Do

Ar = =2R forl =0 Ar —2R forl =0



Resonances ans phase shifts

[f at certain energy E time delay becomes large, one calls this situation a
resonance at energy E.

A resonance is characterized by its energy E and time delay At or its
widths I'=4h/At .

1

1000 . .
| 1 I, v=16I’=1
|1 B'I,
HEY e 05 |
0 e A ——— _ F F
7T opeas &
~ L = 0 R
‘g -1000 | 1T, 003 ¢ ]
2 L J
> —05 | | of
4 I 003 F . e
—2000 1 . . 10 120 30
0 10 20 30
=3000 | R (a.u.)

5 10 15 20 25
R (a.u.)

30

FIG. 4. The wave function (real part) of the v’ =16, J' =1 level
of ®°Li’Li. The dissociation rate is k=8670x 10° s~ !, correspond-
ing to a lifetime 7= 115 ps. The inset shows the long-range part

FIG. 3. Potentials of Li, (2p+2s). Full line: B 'I1,, (Ref. [9]); responsible for the decay due to tunneling through the barrier.

dashed line: 1 'IT, (Ref. [15]).
A resonance could also be viewed as a (almost) bound state, which
decays with time.



Time-dependent vs time-
independent picture

The asymptotic behavior of a solution of TISE is

020+ 1 . o
() r—0 %il+l[e—1(kr—ln/2)_6218;e-|—1(kr—i’:rr/2)]

The formula can be used to obtain energies of bound states (k would be
imaginary). For a bound state with <0: -6 —

Now, we apply the same idea for positive energies (analytical
continuation). If there is a solution of

e—i&g(m‘?) —0

Then the energy & is a complex number & = Ere + 1Ejm with negative &,

such that the norm of the wave function decays with time as

IHI|2 X eEEimI/ﬁ

—i8)(E) ~ . . .
Near & € "B~ CE-8) because o,(E) is an analytical function near &

. | =101 —
Forreal E  et®) =[e 1B ~ C*(E — &%)



Time-dependent vs time-

independent plcture
_ISI(E) ~ C(E — (@) - | g |+C_I\I coihfiions | I
HiBI(E) — [=E]* » C¥(E — £7) o
L5 5

_ A8 (E) jo—18;(E) i |
Sy = eHi0(E) /g—id M/J |
S o C:F E_ Ere +1E1m 0 I : : : :
'T CE—Ewx—iEm  Width T r—

150 — =

100 — dB/dE —

28 — —2are(C) + 2arctan( — 2™ oL ]
L= —=Rs E— Ew. _ _
)= s

h 0 4
— electron ener eV
I ju|? o e2Eimt/h gy (eV)

TR =



Breit-Wigner formula

The [-wave cross section

4 20+1  4m L+ 1)(T/2)?
k* 1+cot?s k% (E— ER)?>+ (I'/2)?

4 )
o = k—2(2l 4+ 1)sin”“ §; =

20; = —2arg(C) + 2 arctan Eim
=T E— Eg

[t is Breit-Wigner formula for the cross section near a resonance.

For the Wigner time delay near a resonance

dé; hi
At =2h— =
dE  (E— ER)*+ (I'/2)?




C.N + e  example

4 20+1  4m L+ 1)(T/2)?
k* 1+cot?s k% (E— ER)?>+ (I'/2)?

4 .2
o = k—2(2l + 1)sin“ §; =

3 T | T |

= P l’I |
1107 e + C3N collisions
2.5+
S &
5 21-
~ -17
g 8x10 | 6
= 1.5
Q —
2
2 6x107" 1-
=] L =
5
= 0.5 /ﬂ‘/ o
S I ]
E 4XI0-17 ﬂ 1 | 1 | 1
-SJ T | T | T | T
8
=
S 210 150 |
=
[=%
L 1 1 1 1 L 1 L 1 1 L 1 L L 1 1 1 l(}(} g —
0 4.5 5.0 5.5 6.0 6.5 dd/dE
photon energy (eV) -
50+ —
{) e ! [ 1 | | | —]
] 1 2 3 4

electron energy (;eV)



Inelastic scattering



Several internal states of
colliding particles

In the two particles after a collision could be in states different than their
states before the collision, the total wave function should be written as

W(r E)=> ¥;®7;#)
J

¢ refers to all internal degrees of freedom of projectile and target.
HYi(§) = EiYi (§)

The internal states Y, define channels for the scattering process.
Wave functions . (r) are channel wave functions.

The Schrodinger equation

h? AR
[_ﬂﬂ + Hg + W(r, E)j| U(r,§)=E¥(r,&)

h? 1
_ﬂdwf(r) + Y Vij¥j(®) = (E — Ep)i(x) Vij=(TilWI|T;)e
i



Scattering amplitude

Open and closed channels, channel thresholds E

W(r,§) =) v;m7;)
J

The description of a scattering process starts with

1k
r— 00 JE

w(r,e) X k@) + Y £i0,8) ;@)

Jj open
Total energy E is conserved, kinetic energy E-E; changes if the internal
state changes (inelastic scattering)

Open channel h252

1
J
E-Ej=—71>0 kj:m/z,u(E—Ej).
Closed channel ﬁ,ZKJZ. 1
E—Ej=——1<0 Kj:a\/z,u,(Ej—E)



Coupled-channel equations

lk;

W@@*v‘“ﬂ@+22ﬁw¢) Y;()

j open
1kr

wmfﬂ”m%y+mw¢)

Current density in channel j
: hk j 1
Jjr=—= |ﬁW¢H—+O

The incoming current density is |j | =hk /.

The differential cross section for scattering from the incident channel i to
the outgoing channel j is dm_}j kj
|mw¢n

ds2

Integrated cross section is

doj_ ; k 2
=Y iy, Oinj= d2=-L [|f. 0, ¢)|d2
o Oisj, Oisj [ 40 k [|fz,,r( ¢)|

J open




Multichannel Green's function

Multi-channel Schrodinger equation
hZ
—3Avi® + Z Vi,j¥j(0) = (E — E) i (x)

sl

E4+ —Alw=VY

2u

Multi-channel Green's function

in a vector form ( 72 )

~ ﬁ;z ~
[E+ _4621
2u

2
[E _Ej+ %A}%J(r, ¢) = 8(r—r)

If Wis a solution then it satisfies ¥ =w°™ 4+ GV, [E + %A]whﬂm = ()

Free-particle Green's function is
ik j[r—r’ ik
N S

22 |r— /| 2wy kj=kjér

%j”,- (I’, I'f) = —



Multichannel Lippmann-Schwinger
equation

Multi-channel Lippmann-Schwinger equation A
PP 5¢T €4 Y =yghom L Gyy

Accounting for boundary conditions in

_ ikjr
U, &) X e+ Y £ii0.4)-

Jj open

T;(§)

r

w?ﬂm (l') — e'lka, w}lﬂﬂ](r) — 0 fOf ; ;é :
Lippmann-Schwinger equation becomes

Vi) = e ; + f G55 (0 0) D Vit () dr’
n



Multichannel Scattering amplitude

Asymptotically, the equation

¥ji(r) = e ; + f G55 () D Vin¥a(r') dr’
n

. g | K w eikjl[‘—rw |1‘|>2J|rf| i eikﬂ‘
could be written as W) == T B

-
—1kj r

F—r 00

. r .
Vi ) f eIV Y (1) dF
n

Comparing with

eikjr

w(r.£) < M E+ Y f0.0)

j open

T;(8)

r

the amplitudes can be written as

M —1k ;- / / /
.ﬁ,;(e,qb)_—m;:;fe Ky () () A




Multichannel Born approximation

If one substitutes ¥"™ instead of ¥ in the incoming wave

M —ik ;- / / /
@9 ==z 2 [ Vi€ a(e) o

one obtains the amplitude in the Born approximation

0.9 =~ [ 90 ar

It looks as a Fourier transform of V]I

The Born scattering amplitude is a function of momentum transfer:

)

q:kj —kféz :kjér—kfez



Feshbach resonances

A shape resonance is trapped by a potential barrier.

Feshbach resonance is trapped by a closed channel

hZ
—ﬂﬂ'ﬂi(r) 4 Z Vi,jvj(r) =(E — E)y;(r) v(r
i

E'2 T Vz(r)
B hZ d2 . |
2 g2 F VIO O+ Vi) = Eun) B |-
: h* d? : _
gt Vz(r)_uz(f‘) + Va,1ur(r) = Eua(r) E, | V,(r)




Feshbach resonances

If there is no coupling between the channels, V, .=V, =0

h2 dZ
[—_— =d VQ(F):|H[}(?’) = Eouo(r), (uolug)=1, E; < Eg < E3

24 dr?
If there is a weak coupling, u (r) would not be __;i
modified significantly. w2
2

The two component solution can then be written

as
_ [ ui(r)
E= (Aug(r))
From the second equation we

Vo1(rui(r) = A(E — Eo)up(r)

or
A(E — Eo) = (uo|V2,1|u1)

V(r)

u1(r) + Vipuz(r) = Eui(r)

uz(r) + Vo qu1(r) = Eus(r)

V) ]




Feshbach resonances

The first equation is

h? d2 T

i—Z dz _ﬂﬁﬂ‘lﬁ(r) u1(r)+ Vipuz(r) = Eui(r)
[A L : J
remioes S = AVi2ug(r). TR & "

[E -I_ 2M drz Vl (r)}ul(r) A 112 U( ) __Z@ —|—V2(F)_M2(r)—|— V2,1H1(r) = FEu>(r)

Again, a Green's function is introduced

ﬁjz d2 ! !
|:E—|— T Vl(r):|%(r,r ) =38(r —r')

G(r,r')=—m ﬁgmg) (r< )ﬁ?m (rs)

— (reg) r—00 2:“* & ; -
u r) -~ sin(kr + 6
1)\ o sindhr + 8g) )

L V() ]

: 0 i |
— (irr) r— 00 M 1
ulﬂT (r) ~ \/J".!'hzk CoS(kr + dpg). ] |




Feshbach resonances

From the Green's function and the first equation

i—Z dZ
h* d N / E_|_L—V1(r):|u1(r)—AV1 2uq(r).
[E+ZF—Vl(r)}f(nr)—ﬂr—”) 21 dr?
we obtain ¥ =vw"™ 4 GVvy
oo
il = _(reg)(r)-I-A[ %(r, r’f) Vljg(f‘f)uo(f) dr’
0

T (1) — w AGP| Vi 2 |uo)al™ (r).

G(r,r') = —J‘Tl.l(l g)(r._..;)u{m)(r::,)

introducingo __as _g A{ﬁg“eg} | V1,2|uo) = tan Sres

—o0 | 2 ,
uy(r) S :rri;k [sm(kr + Obg) + tan dres COS(Kr + c‘ibg)]

L 2R Gintkr + Sug -+ Brco).
— sin(kr
coS(8res) V Th%k bg e




Feshbach resonances
We had A(E — Eo) = (uo|Va,1|u1)

/4

ui(r) = ﬁﬁreg) (r) + Af %(r, r") Vljg(r’)uo(f) dr’
0

F—r oG

5 Ulreg)(f') JTA{ (re 8)|V1 2‘”0} (irr )(r)

we obtain e ) A
A(E — Ep) = {H0|V2 1|ll . )+ A(uo|V2,1G V1,2 uo)
(uo| V2, 1|_(mg)>

E — Eo — (uo|V2.1G V1 2|uo)

For § _we had —m Ala{"® | V1,2|u0) = tan 8res
(reg)y 2
7 [{uo| Va,1la; =)
ta.ﬂSrgS —_

E — Eo — (uo|V2,1G V1 2|uo)



Feshbach resonances

We had -
7| (o] Va, 1|3 {"°®) |2

taﬂﬁres —_ ~
E — Eg — (uo| V2,1G V1 ,2|up)

Introducing notations:

Er = Eo + (uo| V2,16 V1,2|uo) position of the resonance

B _ (reg)\ |2
I"'=2m |{”0| V2,1 |”1mg )| width of the resonance

ry2

The tangent can be written as  tan 8, = —
E — ER

[t is useful to compare I with the Fermi golden rule

2 ~ 7
P fin = 7|(gfin| Wltpﬁn>| Pfin (E)



Landau-Zener model



Non-adiabatic coupling

The time dependent Schrodinger equation for a diatomic molecule

oY -
zj_'aT":Hg [ZTz‘!"Hcl]'!{,

Adiabatic electronic functions

Ha(r, D oi(r. R) = E:(R) g (r, R)
and adiabatic basis set

Dip (l', R, ‘f) = g(r, R)ZIH(R) exp (—-—;— Ein f)
The Schrodinger equation takes the form

[Z Iz + B (R)] x1n(R) = Ein 71:(R)

For a truncated adiabatic basis set, the system of equations could be solved
numerically.



Semi-classical treatment

For nuclei, we introduce a trajectory R=R(t)

S (r, £

Hy(r, YV (r,t)=1ib =

H (r,R) depends on time t because of R(t).
The solution ¥ is now represented as

¥ =S al)p R @) exp [-- = [ E® dr]

Inserting into the Schrodinger equatioh

e B L, O | 2
1hay= ;ﬂf’(?’t* (— 155) Prr) exp [— %f (Er — Ep df]‘



Semi-classical treatment

Comparing with the formula for transition amplitudes in the time-
dependent perturbation theory

ihay = > ar{pr* (— 55%) @Iy eXp [— % (Er — E) df]
F id ,

¥, = Y &, (f) Vi
k

We conclude that '
aﬂf = — ‘:T kant?imhnr dt

W — _'fﬁi E!9 — ELO
. dt Wmp = r

.. O . cor
IV r= } — — = _ * _
11 ( ih 33‘);1' | z}j‘r(gm R )

Let us call [¢¢; %)]*1 as OR (characteristic length) Wya~5v/6 R

The applicability condition of the perturbation approach

\Wir|<|Ej— Er|=4Ew AB-8R[Er>1



Two-state approximation

Adiabatic functions @, and @, .

They correspond to solid
potential curves.

In the basis of ¢, and @,

- (50 )

T _ =20~



Diabatic basis

(3 0)

Another pair ¢°, and ¢,

electronic functions is
introduced as a
linear combination:

g1 = g¢lcosy + ¢fsiny
Qo= — ¢ siny + ¢ cos ¥

In the basis of ¢° and ¢°,

1=2°

Hu Hm RP

Hea(9") = (H21 o

H , and H, aswell as ¢° and ¢°, depend weakly on R.



Two-state approximation

mo (552 ) Ha@ = (7 )

We want that ¢, , = ¢° , far from the region of the strong coupling
Hy3 (R) [ [Hy (R) = Hyp (B)] - 0
We use approximation

Hyo (R) = Hy 3 (Bp) + Hiz (Ry) (R “‘_-Rp T,
Hyy — Hyy = AH(R) = AH (R,) + A (R)(R—Ry) + ---

where Rp is defined as

AH(R) =0



Two-state approximation

Il

"I
i

P

H (¢)= Hy, Hy|_|E,*tkx a _
H, H, a E0+k2x
EO+(k1+k2)X+(k1_k2>X a
2 2 _
. E0+(k1+k2>x—(k1_k2>x
2 2
EO+FX+A2—FX a
a EO+FX—ATFX

Ey= Hu (Rp) = H, 22 (Ep):‘:= Hm (Rp) and AF = — R (Hn —sz) [R =Rp

Eigenvalues are EIZ:EO+F><11¢(AFx)2+4a2 z = 1 arctg 24
, 7 2 AF x
P, = (po12 far from the region of the strong coupling | . ,
, , g1 = glcosy + ¢ising

@e = — @isiny + gfcos¥



Non-adiabatic functions

Two-component wave function W(t) is

z

¥O=aOnen| -5 B+ aOmen -1 B4

; : - ! i - r

()= by (*) i exp ["%_‘-Hn d’]"" by (#) 93 exp [“‘%fﬁndf]
sl . - | I- 4 .
2a; = ZXCXE)[~-EI(52-EJJIJQZ
. ® — r 1
g == ‘fxexp[j;-f(Ez-—El)degl
bib. = zex [_ i f
1 2 '“?I(sz“'Hu)df] by

[ 7 -

o f
570y = aexp '},—I(Hza—Hu)d:] b

In the region of interaction (R withing oR) we have either

(a) adiabatic non-crossing potentials E. and E,, plus non-adiabatic coupling
(b) crossing zero-order potentials H,. and H,, plus adiabatic coupling



Transition probability

We assume a to be small and start with t=-co and R far from R, and end up
with t=co and R agaln far from R,

f.
" &

s | B
5352 = aexp }_J.(sz_Hll) ‘-jf:’ 5,1

Initially, the system is in state @°,  &;(—o)=1, 5,(—0) =0

At the end |b,(+o0)|* give the probability P’ , of transition from state ¢°, to

0
(Pl. | m. | .
bo(+ o) = __g__.. __i'dF 2 _ 2 iAdF gy ]2
(=) -f.fﬁ EKP[ 55 =57 |17 - o
o |

Therefore, ZFfie=2ma[dFky, if PY, <1




Landau-Zener probability

When a is large the treatment is not good, PO12 could be become
comparable or larger than 1.

idg = iy £ ¢ |
= ”Z“P[“‘EI(Ea—Eﬂeraz

. . . . it
?dy = "xexP[‘gI(Ez'—El)df]al

2 ma®

Solving the system of equations, one obtains P,, = exp [— AF&»] =1— P},

In atomic collisions nuclei go through the coupling region twice. Then the
total probability for transition from 1 to 2 would be

P=2Py(l — Py =2(1— P} P

2n a2 1 27 a? )]
P—_-Zexp(— AF&#) [ —exp(—- AFby




Few-body bound and
scattering states at low
energies (near dissociation)



3-body collisions
* Quantum-mechanical description of three
interacting particles
* Nuclear physics

* Chemical reactions A+B+C = AB + C at low
energies

* Many experiments observing three-body (and
few-boby) quantum effects (Efimov states)

* Symmetry of particles should be accounted for
if only a few quantum states are populated.



Hyper-spherical coordinates

Three inter-particle distances are represented by two
hyperangles and the hyper-radius.

p \ (0, ¢)=const
P

N

L P

Changing hyperangles

L
Changing hyper-radius




Jacobi coordinates

* Three different arrangements: three sets of
coordinates

k

—

k

Arrangement j Arrangement i Arrangemen

Space-fixed "SF"



Mass-weighted Jacobi coordinates

> D pk __ pk
R(jﬂ,f — R(jﬂ,f:() dk: IU R = dkR[}
’ H m; m m
L 2) 'k Tk
A[—S m; = =1 fn = —(1——_)
_ M L4 M
1=1
ot =/
"o
F
J Rﬂ“‘r J
o
[
Arrangement j Arrangement i Arrangement k

Space-fixed "SF"



Hyperspherlcal coordinates

RCM —RCMO i dk ?’g Rk dkRk

P> = (%) + (ry)? + (r5)? + (R%)* + (RY)? + (R%)?

r1(p, 0, ) \/1 + sin fsin(¢ + €;)

\/_

rao(p, 0, ¢) = —\/1 + sin 0 sin(¢é + )
\/_

ra(p, 0, 6) = ﬁ\/l + sin @ sin(¢ + €3)

| €3 = 2arctan (mg)
et 0< o <27 H

ms
€5 = —2arctan (—
I

0<p< o0, 0

VA
Sa
A
N |



* If two or three particles are
identical, one has to account for
bosonic or fermionic nature of

the particles.

* Hyperspherical coordinates are

well adapted for it.
k
0 ?E'}j

j® R

Symmetry

’if;?

Py

-—“mm
-—ae -_—a

0 _ .

-—e

-—- . e _o H/!.-
Ny -y

—%

ndn

-—a

o—8

.4."‘.&.

'_".f

T\
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C, /D,/S,symmetry group

* Group of permutation of three identical
particles, S..:

Sy = {E, (12), (23), (13), (123), (132)}

* §, is isomorphic to the group of rotations of a
triangular prism
D3 — {EJ 02{13 CQE): 02(:3 Cde? C??d}

*+ and to the molecular point group C, of

* C3V = {E’ CB’ CBZ’ 3CSV} A




Types of wave functions
Irreducible representations

» A 1s a totally symmetric c. E 2
i D, E 20,

wave function rcz 4, |
Ag 42' 4 ] ]

E: x, ¢ :E;ix,y 2 —1

* A, changes sign under

any binary permutation

* F'is a 2-dimensional 2
irrep. .
x<——(+y)
(123)E, = e E/, C..
(12)E, = E’, w = 2m/3 H|/ \"“Hz



A, A, and E states

* A_ is totally symmetric

wave function.

* A, changes sign under
any binary
permutation.

¥ Eis a 2-dimensional
irrep.

Al

[SEcN

e n i R
T onoo

e o e L L
boarco  Pofohoo




Schrodinger equation in
hyperspherical coordinates

* Hamiltonian H=T, +H,
=T, .

’ 1 & . A% +15/4 .
el ad — +
| 4 9 J 4 & 71
A2=— — Sin20) — - ———— + ——=
sin(26) 96 060 sin“(0) ddp~ 1—sin 6
o)l J2  4dicos 6]y 4§
g z . Y ! Y

+ :
l+sin @ sin®@  sin® 0 Jo



How to solve it

* Adiabatic separation of the hyper-radius and hyperangles
H=T,+H,
Hi Vg, () = U (p) e, (o)

. A% +15/4
ad —
2up’

* An idea similar to the Born-Oppenheimer separation of
electronic and nuclear coordinates

+V

[T(p) + Us(p)1than(p) = EX s, ().



™ T v | v I rr | rrrrlrrrr T T T T T T T

&) (a.u.)

N W A NN

o
-
r» (a.u.)

N W A NN ®

I

1

------

[—

Gat | (a.u.)



6000

5000

N
=
=
-

3000

-2
=
=
o

: . . -1
adiabatic potentials (cm )

1000

(0,6)

1(0,5)

(0.4)

(0,3)
0,2)

08

|
- 8 16
hyper-radius p (a.u.)

32

—Tr T T T T T T T T T T T T T T T T T T T T Y

5
i (a.u.)




Hyperspherical adiabatic approximation is
inaccurate

Non-adiabatic couplings between U_(¢_) should be accounted for.

The vibrational wave function y(p,0,0) as the expansion

W(p,0,d)=2, v,(p,0,d)c,

in the basis of non-orthogonal basis functions

Ve(p,0,db)=m.(p)p, .(6,d)
k=la,j

where nj(p) are some convenient basis functions and (pa’j(G,(])) are
hyperspherical adiabatic states calculated at fixed hyper-radii p,, with the
corresponding eigenvalue U (p.); V(p.0,0) 1s the molecular (three-body)
potential. X Km|T(P)|mi)Osirar +{m|Uu(p)| 7:0) Sur Jeirar

- !
i ,da

=E2, (m| ) OjairarCirar
i Oia,i’a’ :<(Pa(pi;69 ¢)|@a’(pi’;99¢’))
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H+H+H — H_+H recombination
A A

Diabatic 2-channel 3-body potential for H..

A Ce”
V ,0,b)= .
H3<p d)) Ce_lf A

Alp,0,4)=[V,(p,0,4)+V ,(p,0,)|/2

C(p,0,)=[Vi(p,0,d)=V,(p,0,d)|/2
Obtained from ab initio calculation of 1°A" (V/
and 2°A'(V,) electronic states of H...
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0.05
0 L4 _0.04
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-0.1 L4 -0.08
-0.15 L4201
0.2 — _0.12

— 1A

o
=

Energy (Eh)
(=]
£

-0,1

3 4
Hyper-radius (a )

Hyperspherical adiabatic energies obtained

for the uncoupled'and coupled H,

two-channel potential. Crossings in the

above figure turn into avoided crossings below.
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Energy (Eh)

H resonances

0,3 -
0 0,2% 0.2 .
= ]
E:: 0,1
o0
‘0,02 B DR
o) £ o 5\5‘\\“\ sasoe- R
] 0 :
(1,0) 0.1- H,(v,j) + H(ls)
0 ’ |
-0,04 0.0) i ==JH,(0,0) + H(ls)
021 .
h | ) | | | | | L | ! |
2 2,25 2,5 2,75 3 3,25 2 3 4 5

Hyper-radius (a_) Hyper-radius (a )

{vy, v‘fj} E., 7; this work E,, 7; Ref. [8] E,, 7; Ref. [9]

{0, 09 —3.85, 13 —3.79, ~3
{1, 09 —3.11, 13 —3.05, ~3
{2, 09 —2.4, 14 —2.37, ...
{3, 0"} —1.8, 14 —1.75, ...
{4, 0"} —1.2, 16 —1.24, ~15 —1.19, ...
{5, 09} -0.7, 18 —0.47, ~17 —0.70, ...

{0, 2%} —0.2, 130 . —0.26, ~4.5




On Efimov states (1970)

AREPHAR ®PH3IHHKA
JOURNAL OF NUCLEAR PMYSICS
T. 12, Ben. 5, 1970

2141
k—0 Tt ark
tan 3[ T ] 3 ( 5 ) CIABOCBA3AHHBIE COCTOAHUA TPEX PE30OHAHCHO
rd+3;rd+s;) B3AMMOJIENCTBYIOIIAX YACTHII
B. . EOUMOB
5 CHIHRO-TEXHHYECEHH HHCTHTFT um, A, ©., HODDE
k/tan<60):—1/a+7‘0k /2 ARATEMHHE HAFE o0CP

(loemynuaa ¢ pedanyuw 16 geapaan 1970 2.}

* r, - effective range of 2-body potential, a- 2-body scattering
length. If r «a , the wave function in the region r  «r« a does
not depend on r, or a.

* Effective 3-body potential in the region is ~1/r*. Thus, 3-
body bound states may exist even if there is no 2-body
bound states. When a— +oo, the number of 3-body bound

states — «




On Efimov states (1970)

When a=eo, the hyper-radial equation is

& 1t od s

s is a transcendental constant. The lowest s.is 5.=1.00624i.

[amnlg AR, ﬂ]

Ern = —-—IE-E'ETNH nlglp
| | Sg |

0 o]

Spectrum for s is

~K=-1£1"

When a#, the spectrum:

g is the interaction

parameter, such that at

g:l’ (=00

SOVIET JOURNAL OF NUCLEAR PHYSICS VOLUME 12, NUMBER 5 589




Observation of Efimov states

No direct observation. Kramer et al. see the increase of the 3-body
recombination rate very close to 3-body dissociation limit as
predicted by theory (Esry, Greene). This is an indirect evidence for
Efimov states.

Cs+Cs+(s

e 0 : )

5
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- -\-\-\-\-\-\-‘-
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Potential energy
S
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Potential energy
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I | ] L 1 1 |
-2,000 -1,000 0 1,000 2,000
Scattering length



Recombination length (1000 aﬂ]

Observation of Efimov states:

Theory

c \ = =
| Cs+Cs+(Cs
1 ______'_—-———_ E

¥
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More than three particles

Jacobi coordinates for four particles = hyperspherical
coordinates

Collisions between Tunable Halo Dimers: Exploring an Elementary Four-Body Process
with Identical Bosons

F. Ferlaino,' S. l(noop,L M. Mark,! M. Berninger,1 H. Schébel,! H.-C. I\I[f;iger],L and R. Grimm '

Ynstitut fiir Experimentalphysik and Zentrum fiir Quantenphysik, Universitiit Innsbruck, 6020 Innsbruck, Austria

2 Institut fiir Quantenoptik und Quanteninformation, Osterreichische Akademie der Wissenschaften, 6020 Innsbruck, Austria
(Received 28 March 2008; published 9 July 2008)

We study inelastic collisions in a pure, trapped sample of Feshbach molecules made of bosonic cesium
atoms in the quantum halo regime. We measure the relaxation rate coefficient for decay to lower-lying
molecular states and study the dependence on scattering length and temperature. We identify a
pronounced loss minimum with varying scattering length along with a further suppression of loss with
decreasing temperature. Our observations provide insight into the physics of a few-body quantum system
that consists of four identical bosons at large values of the two-body scattering length.



Another example

Complex absorbing
potential is placed at
large hyper-radius to
absorb the
dissociating outgoing
wave flux.

U,(p)-U,(p)—id(p—p,)

3-body dissociation

dimer+atom dissociation |

— A, symmetry
A, symmetry
— E symmetry
| ! | ! | |
10 15 20 25
hyper-radius

1
e e

| L
C:.ll.u L
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