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ABSTRACT 
We present performance calculations for a MEMS cantilever device for sensing heat input from convection or 

radiation.  The cantilever deflects upwards under an electrostatic repulsive force from an applied periodic saw-tooth bias 
voltage, and returns to a null position as the bias decreases.  Heat absorbed during the cycle causes the cantilever to 
deflect downwards, thus decreasing the time to return to the null position.  In these calculations, the total deflection with 
respect to absorbed heat is determined and is described as a function of time.  We present estimates of responsivity and 
noise. 
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1.  INTRODUCTION 
This paper estimates the sensitivity and noise for a MEMS cantilever that transduces heat input into a 

measurement of time.  The design is presented schematically in Fig. 1.  For modeling, we consider a simplified geometry 
consisting of a simple rectangular cantilever of length L and width w, comprised of a metal on top of a material of small 
thermal expansion coefficient.  A cantilever is supported on one end at a height z0.  In equilibrium the free end is in 
contact with the substrate surface, where it makes electrical contact with a surface tip pad.  The top metal is electrically 
continuous with a surface metal of the same dimensions.  A third co-dimensional metal plate is buried a distance d below 
the surface within the insulating substrate.   For definiteness, we consider just two materials, gold and silicon dioxide, 
and we will assume the following nominal dimensions:  L = w = 100 µm, z0 = 2 µm, d = 0.1 µm.  The thickness of the 
cantilever will be t = 0.5 µm.  

 
Fig. 1. Schematic of clocking cantilever heat sensor.  A periodic saw-tooth bias VB is applied between a buried electrical plate and a 
surface plate which is electrically connected to the flexible bimorph cantilever, which is comprised of gold and oxide. When the tip 
contacts the tip pad, the bias voltage appears at the output VT.    
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Fig. 2 presents a schematic of the applied and measured voltage waveforms.  When the cantilever is biased with 
VB as in Fig. 1, a repulsive electrostatic force lifts the cantilever from the surface and breaks the tip contact.  As VB is 
ramped down, the time ߬ taken for the tip to return to the null position is measured via a surface contact.  When heat is 
absorbed by the cantilever, thermal deformation of the bimorph causes the tip to return sooner by ߬߂, giving a temporal 
measurement of the heat flux.   

 
Fig. 2.  Clocking and sensing waveforms.  A periodic ramp voltage is applied to each pixel at the frame rate.  Electrostatic repulsion 
breaks the tip contact, so that VT is initially zero.  As VB decreases, the tip re-contacts after a time τ, when the remainder of the 
waveform appears at VT. Downward deflection of the thermal bimorph shortensτ by Δτ, which is a measure of the amount of absorbed 
heat.   

 
 

2.  RESPONSIVITY 
We first consider the mechanical behavior of the cantilever.  Fig. 1 defines the coordinate system.  The 

equilibrium tip position is z = 0.  If the cantilever bends upward, there is a restoring force Fk = -k z ez, where the last 
factor is the unit vector in the vertical direction.  For a force concentrated at the center of the cantilever, k has the value1 ଶସாூయ , where E is Young’s modulus and I is the areal moment of inertia equal to ௪௧యଵଶ .   Oxide and gold have about the same 
value of Young’s modulus, which we will take to be 75 GPa, and I has the value 1 µm4 for the assumed dimensions.  
Thus, k = 2 N/m, approximately. 
 

Next we consider the force of electrostatic repulsion, which is found assuming parallel motion of the upper plate 
using energy methods for three parallel plate conductors held at constant potential2.  The result is 
ாܨ  = + ఢబଶ ቂ ଵమ − ଵ(ାௗ)మቃ ܸଶ (1)     ,ࢠࢋ 

 
where ζ ~ (z+z0)/2 is the height of the cantilever’s midpoint.   Setting FE = Fk gives f(z) = b VB

2, where f(z) is a quadratic 
function of z2.   Graphical solution determines z(VB) to be nearly linear over the range of interest, according to z = 0.033 
VB.  The units of the coefficient are µm/V.  For the assumed dimensions, about 60 V are required to raise the tip to the 
height of the support. 
 

Next we consider the effect of raising the cantilever temperature by ΔTc, which bends it downward, so that ݖ( ܸ, ߂ ܶ) = 0.033 ܸ − ߂)ܤ ܶ), where  B(ΔTc) is proportional to both ΔTc and L2 via a function of the thicknesses, 
Young’s moduli, and expansion coefficients of metal and oxide3-6 .  Assume the thickness of gold to be 100 nm and the 
thickness of oxide to be 400 nm, and assuming their Young’s moduli to be about equal, we find B(ΔTc) = 0.1 ΔTc, 
approximately.  The units of the coefficient are µm/C.  Thus, the height of the tip is given by 

)ݖ  ܸ, ߂ ܶ) = 0.033 ܸ − ߂)0.1 ܶ) .    (2) 
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We assume that the ramped part of VB is about half the period, that the frame rate is 30 Hz, and that the maximum value 
of VB is 60 V.  Then, the bias ramp is given by  
 ܸ(ݐ) = 60 ܸ (1 −  (3)     .(ݐ (ଵିݏ 60)

  
Combining (2) and (3), solving for t, and setting z = 0 gives the time to contact (Fig. 2) 
 ߬ = ଵ (1 − ߂ 0.05 ܶ).      (4) 
   

When ΔTc is zero, τ is half the clock period.  When ΔTc > 0, the tip contacts sooner.  The difference is ߬߂ =0.8 × 10ିଷ߂ ܶ, which is the measure of absorbed heat.  A temperature rise of 1 mK, gives an easily measureable 800 ns 
time difference.    
 

In thermal equilibrium the absorbed power is balanced by heat flow out of the cantilever to its environment.  
Under equilibrium conditions, the cantilever temperature difference caused by an absorbed power increase ΔP is  

߂  ܶ = ௱ீ,       (5)   
 

where G is the thermal conductance to the environment.  Heat is lost via conduction through the air and support and by 
radiation.  We will suppose that the device is sealed in an evacuated package with pressure less than 50 mTorr, which 
allows us to neglect the conduction by air.  Radiative conductance is also much smaller than conductance through the 
solid support, which is given by  
ܩ  = ௧௪ೞ  ,      (6) 

 
where g is the thermal conductivity.  We assume the structural material of the support to be oxide with only a thin metal 
coating for continuity.  For silicon dioxide, g~1 W/m-K.  For the assumed dimensions, we obtain G = 25 µW/K.  
Assuming a power input of 1 nW, the temperature rise under equilibrium conditions is 0.04 mK.   
 

A larger temperature increase occurs when heating is adiabatic. This occurs if the thermal time constant 
significantly exceeds the clock period.  High frame rate f and small G favor adiabatic heating of the cantilever with 
cooling only during null contact.  Then 
߂  ܶ~ ௱ ,      (7) 

 
where C is the cantilever heat capacity.  For an oxide cantilever of the assumed dimensions, the heat capacity is ~5 nJ/K.  
Thus, for 1 nW input, adiabatic heating give a temperature rise during one cycle of 7 mK.    
 

The actual temperature rise will be between the values determined from Eqs. (5) and (7).  Converting these to 
timing changes using Eq. (4), we find for 1 nW incident power, 33 ns < 6 > ߬߂ µs.  The responsivity ௱௧௱ is therefore in the 
range 33 to 6000 sec/W.   
 
 

3.  NOISE 
Timing noise is due to fluctuations in z, which are damped out each time the tip touches its pad. The steady-

state rms amplitude provides an upper bound on the timing uncertainty.  Fluctuations in z arise from fluctuations in the 
cantilever temperature due to their effect on the bimorph.  The RMS temperature fluctuation is7 
 ඥܶ߂ଶതതതതത = ଶ்ඥಳ௱√ீ   .     (8) 
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For parameters assumed and the derived value for G, we obtain an rms temperature fluctuation of 3.4 µK.  From Eq. (3), 
this translates to a timing uncertainty of 2 ns.   

Thermomechanical noise (TM), or “thermally induced lever noise”8 is caused by the exchange of mechanical 
and heat energy.  It differs from σTh by being unrelated to the bimorph effect.  TM noise treats the cantilever as a 
resonant oscillator, with spring constant k, quality factor Q, and resonant frequency ω0.  The mean square fluctuation of 
the amplitude of the cantilever is ඥ߲ݖଶതതതതത = ଶඥಳ்௱ඥொఠబ   .     (9) 

 
Based on assumed dimensions and a density for oxide of 2.6 g/cm3, the mass of the cantilever is 1.3 x 10-11 kg.  

With k = 2 N/m, the resonant frequency is 4 x 105 s-1.  Assuming a Q of 2000 3, the TM noise is 2 x 10-8 microns.  Using 
Eqs. (2) and (3), this translates into a timing uncertainty of 0.15 ns, which is negligible in comparison to that due to 
temperature fluctuations.   
   

A timing uncertainty of 2 ns for a power input of 1 nW corresponds to a percent uncertainty in the range 0.03 to 
6 %, with the smaller number holding for adiabatic heating.  Thus, to obtain optimum values for both sensitivity and 
signal-to-noise ratio, thermal conduction through the support should be minimized.   
 
 

4.  SUMMARY 
This paper presented an analysis of responsivity and noise for a MEMS cantilever device that converts heat 

input into a time measurement.  Assuming a simplified structural model composed of metal and oxide and reasonable 
dimensions, we determined a responsivity for adiabatic heating of 6000 sec/W and a timing uncertainty due to noise of 2 
ns.  For 1 nW power input, the signal to noise ratio would be 3000.  
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