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Inside a crystal such as quartz, there consists billion of
atoms that bind together to form a solid. The force that
binds atoms/ions together is dominated by the electrostatic
force. Other forces such as magnetic force or gravitational
force are negligible. There are five different types of
bonding in solid: (They are all electrostatic in nature)

Molecular
lonic
Covalent
Metallic
Hydrogen-bonded

The distinction between different type of bindings is not
very rigid. In real crystals, mixed binding is possible.
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First we will define two quantities related to crystal binding.

Cohesive enerqy is the energy required to change solid into
neutral atoms.

Lattice energy is used in ionic crystal and is defined as the
energy required to separate ionic crystal’s component ions
into free ions.
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Crystal of inert gases

For inert gas, the atom has closed outer shell. The
interaction between inert gas atoms is very weak. This weak
interaction is caused by Induced dipole interaction.
Historically we call this type of potential Lennard-Jones
potential, or 6-12 potential, and the interaction itself,

van der Waals-London interaction.

1D induced dipole model
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The Coulomb interactions between charges is treated as a
perturbation to H,,.
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The previous equation can be solved by normal mode
transformation

1 1
1= = +x,) X2=—=(x5—%xg)
Let 2 v Eq.()
Pi=—(Ps+P,) Py=—(Ps;—P,
1 ﬁ( ) P ﬁ( )
This is a standard method to solve two coupled oscillator
problem. It converts the coupled SH oscillator problem in

the previous page into a two independent SHO

Pz 1 2e?\ , Pz 1 2e?\
Heowr = |50 *2\C "8 ) 5| T am T2\ O T 5 )
This is two independent simple harmonic oscillators. For

SHO, @ = v/(*/m),
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Substitute Eq. (2) into Eq. (1), we obtain

%(Pﬁ + P2 +2P.P,) N %(Pz + P2 —2P.P;)
2m 2m

Hrotar =
1.2, 2 1.2, .2
+EC(xs +x2 + 2x5%,) + EC(xs + X2 — 2x5%4)

1
~ 2e? 2 (x%2 —x2)

R3
P2 P2 1 e?x?  e*x?
Hrotar = m + m + EC(X? + xg) - R3 + R3
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For convenience, we write wg as w_ and w, as w .., and
2, 2
we assume C > R—Z ,and let w, = v//m

s e 12 2 2e?\*
) w:=0|143(5m) -5lam) *

So the zero point energy of the coupled system is lower than
the unperturbed system by

1 1 1
AU=2~Ehwo—Eh(w++w_) x %
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Another approach is to start with dipole interaction, the E
field produced by a dipole is given by

1

e 13 3.104 of Griffiths
0

E= 3@ M7 -pl
This field will produce a dipole at position 2,

. = _a Y

P =aE = F[3(p “R)R-74]
The energy of this dipole B.in electric field E is

o = ar ., = —
UR)=-p,-E= —F[3(P1'R)Z+P12]
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Repulsive interaction

The repulsive interaction between atoms mainly comes from
the Pauli exclusion principle. Namely two electrons can not
have all their quantum numbers the same. So when
brought together, electrons have to be promoted to a higher
energy level. We found that Lennard-Jones potential fit
experimental data quite well.

o e[ 3]

The € and a can be calculated from virial coefficient and
viscosity data. Other form of repulsive potential can also
be used, for example

LT0E/70/%

O v

Surpuig [e3si.

Equilibrium lattice constant

If we ignore the quantum zero point nergy and assume T=0
then the total energy of the inert gas solid can be exoressed

12 6
I
total 2 - I’in pin

j

Here
N is the total # of atoms in the solid,
N/2 is the # of pair potential,
The two summations are dimensionalless
guantities, they only depend on geometry of the
system.

For fcc lattice in 3D

D Pyt =14.45392, ) P12 = 12.1388
J j

C1D PHIUN LTO0GHO/T

Surpurg [e3s.




2/10/2017

There are two competing interactions in the Lennard-
Jones potential.

E/cm! ' Repulsive +A/riz
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The equilibrium position of the lattice constant will be at the
minimum energy position, using eq. on page 12,

du 12 s
& 12(12.13) —= — 6(14.45) — = 0
ary, = ° = 12( )R},3 ( V7
g 6 o
= (R_.,> =0.59563 ) 7, = 0917

R, =1.090

The above result agree well with some observed values.

R,/6 114 111 110 1.09
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Cohesive energy

Cohesive energy is the energy to break up solid into
individual free atoms, (assume fcc structure)

a\12 o\6
Uit = 2N€e [12. 13 (E) —14.45 (E) ]
At equilibrium, R = R,
Utot(Rn) = _(2-15)(41\]6)

lonic Crystals

lonic crystals are made up of positive and negative ions.
The electronic configuration of ions in an ionic crystal
have closed electronic shell, like inert gas solid but they
carry charges. The binding of ionic solid is mostly due to
electro-statics force.
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The lattice energy is 7.9 eV. The
cohesive energy is 7.9-5.14+3.61 =

The electron density distribution
of NaCl crystal measured by X-
ray scattering. 6.4eV.

The binding energy of ionic crystals is called the
Madelung energy.
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Madelung Energy

In ionic crystal, the attractive potential is the Coulomb
potential (oc %) so this is a long range interaction.

Let U;; be the interaction energy between ion i and ion j,
we define the total interaction energy for ion i as U;

r
U,-=Z_Ui]-
J

The summation is over all ions except itself. Each interaction

energy can be written as

(cgs unit)

The exponential term represents the short-range repulsive
interaction, it only applies to the 1%t nearest neighbor.

In a regular lattice, we introduce quantities, p;;
Ty =pyR
Where R is nearest neighbor distance.
2
~ ).exp(— R/p) - % (nearest neighbor)
ij — 1 2
+——  (otherwise)

“pij R

The total energy of the system is

R aq?
Utotul = NUl =N (zle P — T)

Where z is the # of nearest neighbors and

'(&)
a= = Madelung constant
j Pij
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To find the equilibrium lattice constant,

du
dR

=0 |:> _NTuexp(—Ro/p)+Naq2=0

R, R

== Rexp (o) =22

We can solve the above equation to find R,,.

#

AtR =R, R ag? g
Uiot(R)) = N (er‘ o — i)
Ro
_ Nag? P
R R,
2
The term — 2% is the Madelung energy.

R,

Both a and Z} pi‘j6 on page 11 converge, but for different

reasons. The a converges because of the alternating signs,
while the 6-potential terms converge because of the 6t
power. The py; terms are pure geometric quantities.

Evaluation of the Madelung constant

1-D chain

B e > Rl S S

P PO S S
*=4M 2735 e

= 2[In2] = 1.38629
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As dimension increases to 2 and 3, the summation becomes
more and more difficult. The series will not converge unless
the successive terms are carefully chosen from the positive
and negative terms, so they nicely cancel each other out.

@=4.1 411
. + - + ao=taTv e R -
=1.2929
+ _—————— g
| |
| |
4
I : =1.6069
+ .l.-——+———.
a(3a) =1.6135
a(4a) = 1.6145
B} + _ + B a(5a) = 1.6149

Covalent bonding

Covalent bond is very different from von der Waals
bonding or ionic bonding mentioned before. For example,
in NaCl (ionic solid), the electronic configuration of the Na*
ion is similar to Na atom. Covalent bonding on the other
hand, has a large overlap of the electron wave function. In
another word, the electronic configuration of individual
atom changed significantly to form covalent bond. For
example, individual carbon atom has 1S?, 2522p?
configuration, but in diamond, the outer electron
configuration is SP3.

Covalent bonding is important, because Si, Ge and diamond
all have covalent bonding. Covalent bonded solids usually
have high melting temperatures, and the bonding is very
directional.
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Here we will use a hydrogen molecular ion as an example.
When dealing with covalent bond, we need to use some basic
QM. We will start with a quantitative picture first.
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La] Warve functions combsined for i, {1 Bonding probability demsity
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e} Wave Functions combined for o, 1] Antibonding probability density

The negative sign has nothing to do with charge, it is the sign of wavefunction.
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We assume the wavefunction of the molecular ion is very

close to H atom 1s orbit, where N is normalization constant.

Now we define two new wavefunction for the molecule:
VY. = N[p@ £ ,(F-K)] (@O

Now apply the normalization condition

f|¢i|2d3r =1

) [walt = N[ + pi(F - B) + 29a1,)]

Let f Yappd3r = A be the overlap integral,
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We substitute eq.(2) back into eq.(1):

Ya+Pp Ya—Yp
J2a+4) m

The energy of the electron that have these wave-function
is given by

Y. @) = Y (@) =

Ey = (Y.|3[ps)

Let
Hyy = WalH [WPa) = Haz = (Pp|FH | 9hp)

= (YalH[Pp) = (WPp|H [ Pa)
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Bonding State with energy E,

1 _Hu+B
‘ E+—2(1+A)[H11+ZB+H22]— 1+A

Anti-bonding state with energy E _

1 Hiy-B
‘ E-=m[H11—2[I+H22]= 111—A

Since both Hy4 and B are negative numbers and 1 >> A,

so E, is a lower energy than E_ which explains the
energy levels on page 22.
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Metallic bonding
If you look at periodic table, you notice that two thirds of
elements crystalize as metals.

Periodic Table of Elements
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Basic properties of metals

1. Excellent electrical conductivities

2. Excellent thermal conductivities

3. Relatively more ductile than covalent bonding
4. Typical structures are fcc, hep, or bee

5. Usually more closely packed

6. Usually has more near neighbors

Drude model was a reasonable model for metals.
However it has limitation as mentioned in Unit#1.
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We can think of metal as positive ions embedded in the
negative electron sea. The binding usually are weak.
Therefore they are usually ductile.
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Elacirons Moinl atoms.

Sea of doiccaiised piecins

Sutputg [e38810 PAHUN  LTOGFO/E




2/10/2017

Hydrogen-bonded crystals

When one hydrogen atom is attracted by two other
atoms, we call the bond a hydrogen bond.

Hydrogen bond is weak, but plays an important role
in biology. The bond between hydrogen atom in solid
hydrogen is not hydrogen bond.
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Two more examples of hydrogen bond. As can be seen,
the hydrogen atom kind of sits between two F atoms,
formed covalent bond with one F and hydrogen bond with
another F. The hydrogen bond is kind of like ionic bond
but much weaker. Hydrogen bond is extremely important
in the biological process.

- R b i
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