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Outlines

• Polarization

• The field of a polarized object

• The electric displacement, ࡰ

• Linear dielectrics
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Polarization

In this chapter we study the effect of an external electric 
field (ࡱ) on a dielectric material.  Dielectric materials are 
insulators and electrons inside dielectrics are bound to 
atoms or molecules (bound electrons).

The fundamental concepts in this chapter can be 
described by the linear response theory.  The basic idea 
is outline below.

Input Output
Black box
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Examples

Resistor

Capacitor

RC circuit

X-ray scattering

V = IR

ࢂ ࢚ ൌ න
ሺ࢚ሻࡵ
࡯

࢚ࢊ

ࢂ ࢚ ൌ ࢋ࢕ࢂ
ି ׬

࢚ࢊ
࡯ࡾ

ࡵ ࢗ ൌ ࢌ ࢗ ሻࢗሺࡿ

f(q) is the form factor
S(q) is the structure factor.
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For example, we can apply an external magnetic field to 
a magnetic material such as nickel.  The magnetic 
moment in nickel responded to the external magnetic 
field by aligning itself to the magnetic field and the net 
result is magnetization M produced by the aligned 
magnetic moments.  

ࡹ ൌ ࡴ࢓࣑

࢓࣑ ,is the magnetic susceptibility of the material	࢓࣑ is a 
response function.  In the most general case, 

ఔܯ ݇, Ω ൌ෍න݀߱෍߯ఔఓ ݇, ,റݍ Ω, ߱
ఓ

റ,߱ሻݍఓሺܪ
௤
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Example 4.1: Atom in electric field.

What happens to a neutral atom when it is placed inside an 
electric field?  We assume (1) uniform electron distribution 
and (2) assume the positive charge only moves a very small 
amount, so we can ignore it.

ࡱ ൌ
૚

૝࣊ࣕ࢕

ࢊࢗ
૜ࢇ

pൌ ૝࣊ࣕࢇ࢕૜ ࡱ
࢖ ൌ ࡱࢻ

The net field on the positive charge is 
the sum of the pull of the negative 
charge plus the push of the external 
field. At equilibrium it equals zero, 
so:

And ࢻ ൌ ૝࣊ࣕࢇ࢕૜ ൌ ૜ࣕࢂ࢕

C
h

apter 4 E
lectric F

ield in
 M

atter

6

V = volume



11/3/2015

2

11/04/2015

For a molecule, there is no symmetry in general, so the 
polarizability maybe different for different direction.

࢖ ൌ ୄࡱୄࢻ ൅ ∥ࡱ∥ࢻ
In the most general case in 3D, 

࢞࢖
࢟࢖
ࢠ࢖

ൌ
࢞࢞ࢻ ࢟࢞ࢻ ࢠ࢞ࢻ
࢞࢟ࢻ ࢟࢟ࢻ ࢠ࢟ࢻ
࢞ࢠࢻ ࢟ࢠࢻ ࢠࢠࢻ

࢞ࡱ
࢟ࡱ
ࢠࡱ

We use the lower case ࢖ to indicate the dipole moment 
of a single atom or molecule.  We use upper case 
.medium	܍ܐܜ	܎ܗ	ܖܗܑܜ܉ܢܑܚ܉ܔܗܘ	܍ܐܜ	܍ܜ܉܋ܑ܌ܖܑ	ܗܜ	ࡼ

ࡼ ൌ	
∑ ࢏࢏࢖

ࢂ
Definition of Polarization
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Alignment of polar molecules

There are certain molecules that already have dipole 
moment.  The applied electric field ࡱ will try to align 
the dipole moment ࢖ in the same direction as the field.

࢖ ൌ ࢊࢗ
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In a uniform electric field ࡱ, the net force on the 
dipole moment is zero and the net torque ࡺ on the 
dipole moment ࢖ is 

ࡺ ൌ ࢖ ൈ ࡱ

ࡺ ൌ ࢘ା ൈ ାࡲ ൅ ࢘ି ൈ ିࡲ

ࡺ ൌ ࢊ
૛ൗ ൈ ࡱࢗ ൅

െࢊ
૛ൗ ൈ െࡱࢗ

ࢊࢗ = ൈ ࡱ
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In a non-uniform field, in addition to the above torque, 
there will be an additional net force acting on the dipole 
moment 

ࡲ ൌ ࢗ ାࡱ െ ିࡱ ൌ ࢗ ࡱ∆

This can be re-written as

ࡲ ൌ ࢖ · ࢺ ࡱ

Please note that these equations are true even we 
have perfect ideal dipole moment.
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The field produced by a polarized object

Here we want to find out what is the field (or potential) 
produced by a dielectric material.
We can treat the dielectrics as material that consists of 
many dipole moments.

The potential due to ONE ideal dipole moment is

ࢂ ࢘ ൌ
૚

૝࣊ࣕ࢕

࢖ · श
श૛

The potential  due to many dipole moments;

ࢂ ࢘ ൌ
૚

૝࣊ࣕ࢕
න
ሺ࢘ᇱሻࡼ · शෝ

श૛ .ሺ૝				ᇱ࣎ࢊ ૢሻ

C
h

apter 4 E
lectric F

ield in
 M

atter

11

11/04/2015

Since સ′
૚

श
ൌ

शෝ

श૛
,   this leads to 

ࢂ ࢘ ൌ
૚

૝࣊ࣕ࢕
නࡼ · સᇱ

૚
श

′࣎ࢊ

Integrating by part,

ࢂ ࢘ ൌ
૚

૝࣊ࣕࡻ
නસᇱ ·

ࡼ
श

′࣎ࢊ െ න
૚
श

સ′ · ࡼ ′࣎ࢊ

Using divergence theorem, the 1st term becomes a 
surface integral 

ࢂ ൌ
૚

૝࣊ࣕ࢕
න
૚
श
ࡼ · ′ࢇࢊ െ

૚
૝࣊ࣕ࢕

න
૚
श

સᇱ · ࡼ ′࣎ࢊ
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Let ࡼ · ෝ࢔ ൌ ࢈࣌ Surface bound charges

െસ · ࡼ ൌ ࢈࣋ Volume bound charge

ࢂ ࢘ ൌ
૚

૝࣊ࣕ࢕
න
࢈࣌
श
′ࢇࢊ ൅

૚
૝࣊ࣕ࢕

න
࢈࣋
श
′࣎ࢊ

The potential produced by a dielectric object is 
equivalent to the potential produced by ࣌࢈ and ࣋࢈.
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Physical interpretation of bound charges

ࡼ ൌ ෝ࢞࢕ࡼ ࡼ ൌ ො࢘࢕ࡼ

࢈࣌ ൌ ࡼ · ෝ࢔ ࢈࣋ ൌ െસ · ࡼ
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Example 4.2 Find the electric field produced by a 
uniformly polarized sphere of radius R.

We choose the direction of polarization 
to be in the z-direction, ࡼ ൌ .ොࢠ࢕ࡼ

Bound surface charge, ࣌࢈ ൌ ࡼ · ࣂෝ=Pcos࢔
Bound volume charge,  ࣋࢈ ൌ െસ · ࡼ ൌ ૙

From example 3.9, equations (3.86) and (3.87)

ࢂ ࢘, ࣂ ൌ ࡼ

૜ࣕ࢕
ࣂ࢙࢕ࢉ࢘ (Inside)     r < R  

ࢂ ࢘, ࣂ ൌ ૜ࡾࡼ

૜ࣕ࢕

૚

࢘૛
ࣂ࢙࢕ࢉ (Outside)      r > R
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Once we know the potential, the field can be found.

ࡱ ൌ െસࢂ ൌ െ
ࢂࣔ
ࣔ࢘

ො࢘ െ
૚
࢘
ࢂࣔ
ࣂࣔ

෡ࣂ

Inside

ࡱ ൌ െ
ࡼ
૜ࣕ࢕

ො࢘ࣂ࢙࢕ࢉ ൅
ࡼ
૜ࣕ࢕

෡ࣂࣂ࢔࢏࢙ ൌ െ
ࡼ
૜ࣕ࢕

.ሺ૝								ොࢠ ૚૝ሻ

Outside

ࢂ ൌ
૜ࡾࡼ

૜ࣕ࢕

ࣂ࢙࢕ࢉ
࢘૛

ൌ
૚

૝࣊ࣕ࢕

૝࣊
૜ ࡼ૜ࡾ

࢘૛
ࣂ࢙࢕ࢉ

ࢂ ൌ
૚

૝࣊ࣕ࢕

ࢀ࢖ · ො࢘
࢘૛
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So the potential produced outside the polarized 
dielectric sphere is equivalent to the field produced by a 
perfect dipole with a moment that is the sum of all 
dipole in the sphere.  The electric field outside is also the 
same as the field generated if all dipoles were located at 
the center of the sphere.

࢘ࡱ ൌ
૚

૝࣊ࣕ࢕

૛ࢀࡼ
࢘૜

ࣂ࢙࢕ࢉ

ࣂࡱ ൌ
૚

૝࣊ࣕ࢕

ࢀࡼ
࢘૜

ࣂ࢔࢏࢙
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Example 4.3  Two uniformly distributed but oppositely 
charged spheres are slightly displaced such that their 
centers are separated by a displacement of d as shown. 
Find the potential due to this charge distribution. 

From Problem 2.18, we know that the 
field at the overlap region is 

ࡱ ൌ െ
૚

૝࣊ࣕ࢕

ࢊࢗ
૜ࡾ

ࡱ ൌ െ
૚
૜ࣕ࢕

ࡼ

Outside the sphere, we can treat this situation as if all 
charges are concentrated at the respective centers of the 
spheres:

ࢂ ൌ
૚

૝࣊ࣕ࢕

࢖ · ො࢘
࢘૛
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The field inside a dielectric

When we derive the equation to describe the field due to 
polar molecules and dielectric, we use the ideal dipole 
formula (slide 11).  It is ok to do so when we calculate the 
field outside of the dielectric.  Here we want to show that 
we can use the same formulism to calculate the electric 
field even inside the dielectric.  

Here we are dealing with 
macroscopic field, which is an 
average field over a region that 
contains many thousand of 
atoms, but still small enough 
that the concept of differential 
volume still hold true.

Out

in
p
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The net electric field at point P, is the sum of the ࢚࢛࢕ࡱ
produced by dipoles outside of the sphere and ࢔࢏ࡱ
produced by dipoles inside the sphere.

ࡱ ൌ ࢔࢏ࡱ ൅ ࢚࢛࢕ࡱ

The ࢚࢛࢕ࡱ is relatively easy, since all dipoles are relatively 
far away, 

࢚࢛࢕ࢂ ൌ
૚

૝࣊ࣕ࢕
න

ሺ࢘ᇱሻࡼ · शෝ
श૛ ′࣎ࢊ

	

࢚࢛࢕

and

࢚࢛࢕ࡱ ൌ െસ࢚࢛࢕ࢂ

Field produced by ouside dipoles
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Field produced by dipoles inside the sphere

For the field due to dipoles inside the sphere, we use the 
result from problem 3.47, i.e. (eq.3.105)

ࢋ࢜ࢇࡱ ൌ െ
૚

૝࣊ࣕ࢕

ࢀ࢖
૜ࡾ

where ࢀ࢖ is the total dipole moment inside the sphere.

ࢀ࢖ ൌ
૝࣊
૜
૜ࡾ ࡼ ࢔࢏ࡱ ൌ െ

ࡼ
૜ࣕ࢕

This is the same result (eq. 4.14) derived in Example 4.2 
on page 175.  So in general, we can integrate the whole 
space (inside + outside) to find the potential at point p.

ࢂ ൌ
૚

૝࣊ࣕ࢕
න

ࡼ · शෝ
श૛ ′࣎ࢊ

	

ࢋࢉࢇ࢖࢙	࢒࢒ࢇ
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The Electric Displacement

We found that the effect of polarization can be “simulated” 
by assuming bound charges, ࣋࢈ and ࣌࢈ generated by ࡼ

The Gauss’s law becomes

સ࢕ࣕ · ࣋ =	ࡱ ൌ ࢈࣋ ൅ ࢌ࣋ ൌ െસ · ࡼ ൅ ࢌ࣋

સ · ࡱ࢕ࣕ ൅ ࡼ ൌ ࢌ࣋ Let ࡰ ൌ ࡼ+ࡱ࢕ࣕ

સ · ࡰ ൌ ࢌ࣋

࢈࣋ ൌ െસ · ࡼ ࢈࣌ ൌ ࡼ · ෝ࢔

We call all the other charges the “free charges”

࢒ࢇ࢚࢕࢚࣋ ൌ ࢈࣋ ൅ ࢌ࣋
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Or in integral form, we have

රࡰ · ࢇࢊ ൌ ࢉ࢔ࢋ,ࢌࡽ

However, there is NO Coulomb law for the electric 
displacement.  Also note that the units of ࡱ and ࡰ are 
different. 

Physical quantity Symbol Unit

Electric Field ࡱ Volt/m

Electric displacement ࡰ Coulomb/m2

Polarization ࡼ Coulomb/m2

Permitivity of free space ࢕ࣕ 8.85ൈ ૚૙ି૚૛	࡯૛ିࡺ૚ି࢓૛
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Problem. 4.15
A spherical shell (hollow sphere)is made of dielectric 
material with a polarization:

ࡼ ൌ
࢑
࢘
ො࢘

Find the electric field in all three different 
regions.

સ࢕ࣕ · ࡱ ൌ ࢈࣋ ൅ ࢌ࣋ ൌ െસ · ࡼ ࢈࣋ ൌ െ
࢑
࢘૛

Region I ࡵࡱ ൌ ૙

Region II

ሺ࢘ሻ࢈࣌ ൌ ࡼ · ෝ࢔ ሻࢇሺ࢈࣌ ൌ െ࢑
⁄ࢇ ሻ࢈ሺ࢈࣌   ,		 ൌ ࢑

⁄࢈

ࡵࡵࡱ ൌ െ
࢑
࢕ࣕ࢘

ො࢘

Region III ࡵࡵࡵࡱ ൌ ૙

0

b

a
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Region I (inside a)

රࡱ · ࢇࢊ ൌ
ࢉ࢔ࢋࡽ

࢕ࣕ
ൌ ૙ ࡵࡱ ൌ ૙

Region II (inside the dielectric)

රࡱ · ࢇࢊ ൌ
ࢉ࢔ࢋࡽ

࢕ࣕ
ࢉ࢔ࢋࡽ ൌ ࢌ࢛࢙࢘ࡽ ൅ ࢒࢕࢜ࡽ

ࢌ࢛࢘ࡿࡽ ൌ ࢈࣌ ࢘ ൌ ࢇ · ૝࣊ࢇ૛ ൌ െ૝࣊ࢇ࢑

࢒࢕ࢂࡽ ൌ න࣋࣎ࢊ࢈ ൌ න െ
࢑
࢘૛

૝࣊࢘૛࢘ࢊ

࢘

ࢇ

࢘

ࢇ

ൌ െ૝࣊࢑ሺ࢘ െ ሻࢇ

ࢉ࢔ࢋࡽ ൌ െ૝࣊ࢇ࢑ ൅ െ૝࣊࢑ሺ࢘ െ ሻࢇ ൌ െ૝࣊࢑࢘

ࡵࡵࡱ ൌ െ
࢑
࢕ࣕ

ො࢘
࢘
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Region III  (r > b)

We will use Gauss’s law again.  The total enclosed 
charges have three parts.

ࢉ࢔ࢋࡽ ൌ ࢙ࡽ ࢘ ൌ ࢇ ൅ ࢂࡽ ൅ ሺ࢘ࡿࡽ ൌ ሻ࢈

ࡿࡽ ࢘ ൌ ࢇ ൌ െ૝࣊ࢇ࢑
ࡿࡽ ࢘ ൌ ࢈ ൌ ૝࣊࢈࢑

ࢂࡽ ൌ න࣋࢈ · ૝࣊࢘૛࢘ࢊ ൌ න െ
࢑
࢘૛

૝࣊࢘૛࢘ࢊ

࢈

ࢇ

࢈

ࢇ
ࢂࡽ ൌ െ૝࣊࢑ሺ࢈ െ ሻࢇ

ࢉ࢔ࢋࡽ ൌ ૙ ࡵࡵࡵࡱ ൌ ૙
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Now if we use eq. 4.23, 

රࡰ · ࢇࢊ ൌ ࢉ࢔ࢋࢌࡽ

Region I

රࡰ · ࢇࢊ ൌ ࢉ࢔ࢋࢌࡽ ൌ ૙ , ࡰ ൌ ૙ ൌ ࡱ࢕ࣕ ൅ ࡼ

Region II
ࡵࡱ ൌ െ

ࡼ
࢕ࣕ
ൌ ૙

ࡵࡵࡱ ൌ െ
ࡼ
࢕ࣕ
ൌ െ

࢑ො࢘
࢘࢕ࣕ

Region III

ࡵࡵࡵࡱ ൌ െ
ࡼ
࢕ࣕ
ൌ ૙
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Warnings

(1) No Coulomb law for ࡰ, 	܍ܛܝ܉܋܍܊	 સ ൈ 	܍܊ܡ܉ܕ	ࡰ
non-zero. 

ࡰ ≢ න
૚
૝࣊

ࢌ࣋
शෝ
श૛ ᇱ࣎ࢊ

(3) No potential can be defined for ࡰ.

(2) સ ൈ ࡰ ൌ ࢕ࣕ સ ൈ ࡱ ൅ સ ൈ ࡼ ൌ સ ൈ ࡼ

0
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Boundary Conditions for E field

ࢋ࢜࢕࢈࡭ࡱ
‖ െ ࢝࢕࢒ࢋ࢈ࡱ

‖ = ૙

ࢋ࢜࢕࢈ࢇࡱ
ୄ െ ࢝࢕࢒ࢋ࢈ࡱ

ୄ ൌ
࣌
࢕ࣕ

Boundary conditions for displacement, ࡰ

ࢋ࢜࢕࢈ࢇࡰ
‖ െ ࢝࢕࢒ࢋ࢈ࡰ

‖ ൌ ࢋ࢜࢕࢈ࢇࡼ
‖ െ ࢝࢕࢒ࢋ࢈ࡼ

‖

ࢋ࢜࢕࢈ࢇࡰ
ୄ െ ࢝࢕࢒ࢋ࢈ࡰ

ୄ ൌ ࢌ࣌	
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Linear Dielectrics

For one neutral atom we have

࢖ ൌ ࡱࢻ α --- polarizability

For dielectric material, we have

ࡼ ൌ ࢖ࡺ N is the number of dipoles per unit Volume

If we assume that ࡼ ∝ ,ࡱ		 and let 

ࡼ ൌ ࡱࢋ࣑࢕ࣕ Linear dielectric

ࢋ࣑ is the electric susceptibility

ࡼ ൌ ࢕ࣕ ࣑૚ࡱ ൅ ࣑૛ࡱ૛ ൅ ࣑૜ࡱ૜ ൅⋯

In the most general case,
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ࡰ ൌ ࡱ࢕ࣕ ൅ ࡼ ൌ ሺ૚࢕ࣕ ൅ ࡱሻࢋ࣑

Let 		ࣕ ൌ 	 ሺ૚࢕ࣕ ൅ ሻࢋ࣑

ࡰ ൌ ࡱࣕ

We can also define

ࣄ ൌ
ࣕ
࢕ࣕ
ൌ ૚ ൅ ࢋ࣑

ࣕ Permitivity

ࣄ Dielectric constant

ࢋ࣑ Electric susceptibility
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Example 4.5 A metal sphere of radius a carries a charge 
Q.  It is surrounded , out to radius b, by a linear dielectric 
material of permitivity ε.  Find the potential at the center. 

We know free charges but not bound charges.  Use Gauss’s law for ࡰ.

ࡰ ൌ
ࡽ

૝࣊࢘૛
ො࢘ For r > a

For b > r > a

For r > b

࢚࢛࢕ࡱ ൌ
ࡰ
࢕ࣕ
ൌ

૚
૝࣊ࣕ࢕

ࡽ
࢘૛
ො࢘

࢔࢏ࡱ ൌ
ࡰ
ࣕ
ൌ

૚
૝࣊ࣕ

ࡽ
࢘૛

ො࢘
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The potential at the center is:

ࢂ ൌ െ නࡱ · ࢒ࢊ ൌ

૙

ஶ

െ න࢚࢛࢕ࡱ · ࢒ࢊ

࢈

ஶ

െ න࢔࢏ࡱ · ࢒ࢊ

ࢇ

࢈

െ න࢒ࢊ࢓ࡱ

૙

ࢇ

0

ࢂ ൌ
ࡽ
૝࣊

૚
࢈࢕ࣕ

൅
૚
ࢇࣕ

െ
૚
࢈ࣕ

(b) Surface bound charges on the dielectric sphere?

ࡼ ൌ ࡱࢋ࣑࢕ࣕ ൌ
ࡽࢋ࣑࢕ࣕ
૝࣊ࣕ࢘૛

ො࢘

࢈࣌ ൌ ࡼ · ෝ࢔ ൌ ࢋ࣑࢕ࣕ
૝࣊ࣕ࢕

ࡽ

૛࢈
(at r = b)

࢈࣌ ൌ ࡼ · ෝ࢔ ൌ െ ࢋ࣑࢕ࣕ
૝࣊ࣕ

ࡽ

૛ࢇ
(at r = a)

࢈࣋ ൌ െસ · ࡼ ൌ െ
ࡽࢋ࣑࢕ࣕ
૝࣊ࣕ

સ ·
ො࢘
࢘૛

࢈࣋ ൌ ૙
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For linear dielectric materials

ࡰ ൌ ࡱࣕ

However, this does not imply that સ ൈ ࡱ ൌ ૙	will 
automatically lead to સ ൈ ࡰ ൌ ૙ because ࣕ can be a 
function of position.

For a single crystal, the susceptibility can be a tensor.

࢞ࡼ
࢟ࡼ
ࢠࡼ

ൌ ࢕ࣕ

࣑࢞࢞ ࣑࢞࢟ ࢠ࣑࢞
࣑࢟࢞ ࣑࢟࢟ ࢠ࣑࢟
࢞ࢠ࣑ ࢟ࢠ࣑ ࢠࢠ࣑

࢞ࡱ
࢟ࡱ
ࢠࡱ
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Boundary value problems with linear dielectrics

In a homogeneous linear dielectric

ࡰ ൌ ࢕ࣕ ૚ ൅ ࢋ࣑ ࡱ ൌ ࡱࣕ

and
ࡼ ൌ	ࣕࡱࢋ࣑࢕

This leads to

ࡼ ൌ ࢋ࣑࢕ࣕ
ࡰ
ࣕ
ൌ

ࢋ࣑
૚ ൅ ࢋ࣑

ࡰ

Assume that ࣑ࢋ is a constant, take divergence on both 
side

࢈࣋ ൌ െ
ࢋ࣑

૚ ൅ ࢋ࣑
ࢌ࣋
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Boundary conditions between two dielectrics

௕ܧ and ܦ௕

௔ܧ and ܦ௔

Gauss’s law for ࡰ

ୄ࢈ࡰ െ ୄࢇࡰ ൌ ࢌ࣌

ୄ࢈ࡱ࢈ࣕ െ ୄࢇࡱࢇࣕ ൌ ࢌ࣌

ࢌ࣌	ࢌࡵ ൌ ૙

ୄ࢈ࡰ ൌ ୄࢇࡰ

For the E field

સ ൈ ࡱ ൌ ૙

රࡱ · ࢒ࢊ ൌ ૙

∥ࢇࡱ ൌ ∥࢈ࡱ
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Example 4.7  A sphere of homogeneous linear dielectric 
material is placed inside an otherwise uniform field, Find 
the electric field inside the sphere.

This problem can be solved as a boundary value problem.  The 
general solution of Laplace equation is given in eq. 3.65

࢔࢏ࢂ ൌ෍࢒ࡼ࢒࢘࢒࡭ ࣂ࢙࢕ࢉ
ୀ૙࢒

࢚࢛࢕ࢂ ൌ െࣂ࢙࢕ࢉ࢘࢕ࡱ ൅෍
࢒࡮
ା૚࢒࢘

ሻࣂ࢙࢕ࢉሺ࢒ࡼ
ୀ૙࢒
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The boundary conditions are:

࢔࢏ࢂ                (1) ൌ ࢚࢛࢕ࢂ at r = R

(2) ࣕ ࢔࢏ࢂࣔ
ࣔ࢘

ൌ ࢕ࣕ
࢚࢛࢕ࢂࣔ
ࣔ࢘

at r = R

(3) ࢚࢛࢕ࢂ െࣂ࢙࢕ࢉ࢘࢕ࡱ at r = R

From (1) we have

෍࢒࡭
ୀ૙࢒

࢒ࡼ࢒ࡾ ࣂ࢙࢕ࢉ ൌ െࣂ࢙࢕ࢉࡾ࢕ࡱ ൅෍
࢒࡮
ା૚࢒ࡾ

ሻࣂ࢙࢕ࢉሺ࢒ࡼ
ୀ૙࢒

࢒ࡾ࢒࡭ ൌ
࢒࡮
శ૚࢒ࡾ

for l ് ૚

ࡾ૚࡭ ൌ െࡾ࢕ࡱ ൅
૚࡮
૛ࡾ

for l = 1
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From (2) we have  (where κ ൌ ࣕ
⁄࢕ࣕ )

࢒ࡼ૚ି࢒ࡾ࢒࡭࢒෍ࣄ ࣂ࢙࢕ࢉ ൌ െࣂ࢙࢕ࢉ࢕ࡱ െ෍
࢒ ൅ ૚ ࢒࡮
ା૛࢒ࡾ

ሻࣂ࢙࢕ࢉሺ࢒ࡼ
ୀ૙࢒ୀ૙࢒

૚ି࢒ࡾ࢒࡭ࣄ ൌ െ ା૚࢒ ࢒࡮
శ૛࢒ࡾ

for l ≠ 1

૚࡭ࣄ ൌ െ࢕ࡱ െ
૛࡮૚
૜ࡾ

for l = 1

From these two equations and the other two equations 
from previous page, we conclude that 

࢒࡭ ൌ ࢒࡮ ൌ ૙ for l ≠ 1

૚࡭ ൌ െ ૜

ା૛ࣄ
࢕ࡱ and     ࡮૚ ൌ

૚ିࣄ

ା૛ࣄ
࢕ࡱ૜ࡾ

࢔࢏ࢂ ൌ െ ૜࢕ࡱ
ା૛ࣄ

ࣂ࢙࢕ࢉ࢘ ൌ െ ૜࢕ࡱ
ା૛ࣄ

z
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Alternate method (Use eq. 4.30 and iterations) 

The basic idea is that the external field ࢕ࡱ will induce 
polarization in the dielectric sphere which in turn will 
produce extra E field and so on.

࢕ࡱ ⟹ ࢕ࡼ ⟹ ૚ࡱ ⟹ ૚ࡼ ⟹ ૛ࡱ ⟹ ૛ࡼ ⟹

࢕ࡼ ൌ ࢕ࡱࢋ࣑࢕ࣕ

૚ࡱ ൌ െ
૚
૜ࣕ࢕

࢕ࡼ ൌ െ
ࢋ࣑
૜

࢕ࡱ

૚ࡼ ൌ ૚ࡱࢋ࣑࢕ࣕ ൌ ࢋ࣑࢕ࣕ െ
ࢋ࣑
૜

࢕ࡱ

૛ࡱ ൌ െ
૚
૜ࣕ࢕

૚ࡼ ൌ െ
ࢋ࣑
૜

૛
࢕ࡱ
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࢔࢏ࡱ ൌ ࢕ࡱ ൅ ૚ࡱ ൅ ૛ࡱ ൅⋯

࢔࢏ࡱ ൌ ෍ െ
ࢋ࣑
૜

࢔
ஶ

ୀ૙࢔

࢕ࡱ ൌ
૚

૚ ൅ ࢋ࣑
૜ൗ
࢕ࡱ

࢔࢏ࡱ ൌ
૜

૜ ൅ ࢋ࣑
࢕ࡱ

Since ࣑ࢋ ൅ ૚ ൌ ࣄ

࢔࢏ࡱ ൌ
૜

૛ ൅ κ
࢕ࡱ
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Example 4.8 A charge q is at a distance d away from a 
semi infinite and uniform linear dielectric material of 
susceptibility ࣑ࢋ.  Find the surface bound charge, total 
surface bond charge and force on the point charge.

The surface bound charge density is

࢈࣌ ൌ ࡼ · ෝ࢔ ൌ ࢠࡼ ൌ ࢠࡱࢋ࣑࢕ࣕ (0)

ࢠࡱ is the z-component of ࢔࢏ࡱ

ࢠࡱ has two components, (1) due to 
charge q, (2) due to ࣌࢈

(1) 							െ ૚

૝࣊ࣕ࢕

ࢗ

࢘૛ାࢊ૛
ࣂ࢙࢕ࢉ ൌ െ ૚

૝࣊ࣕ࢕

ࢊࢗ

࢘૛ାࢊ૛
૜/૛

(2)                െ ࢈࣌
૛ࣕ࢕

(This is inside) why ࣕ࢕?
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So the surface bound charge eq. (0) becomes

࢈࣌ ൌ ࢋ࣑࢕ࣕ െ
૚

૝࣊ࣕ࢕

ࢊࢗ

࢘૛ ൅ ૛ࢊ
૜
૛

െ
࢈࣌
૛ࣕ࢕

࢈࣌ ൅
࢈࣌ࢋ࣑
૛

ൌ െ
ࢋ࣑
૝࣊

ࢊࢗ
࢘૛ ൅ ૛ࢊ ૜/૛

࢈࣌ ൌ െ
૚
૛࣊

ࢋ࣑
ࢋ࣑ ൅ ૛

ࢊࢗ
࢘૛ ൅ ૛ࢊ ૜/૛

Compare with eq. 3.10

࢈࣌ ൌ
૚
૛࣊

ࢊᇱࢗ
࢘૛ ൅ ૛ࢊ ૜/૛

′ࢗ can be viewed as an image charge

ᇱࢗ ൌ െ
ࢋ࣑

ࢋ࣑ ൅ ૛
ࢗ
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For z > 0, the potential is given by: 

ࢂ ൌ
૚

૝࣊ࣕ࢕

ࢗ

࢞૛ ൅ ࢟૛ ൅ ࢠ െ ࢊ ૛
൅

′ࢗ

࢞૛ ൅ ࢟૛ ൅ ࢠ ൅ ࢊ ૛

For z < 0, (both charges q and ࢗ′ are at the same point (0,0,d)

ࢂ ൌ
૚

૝࣊ࣕ࢕

ࢗ ൅ ′ࢗ

࢞૛ ൅ ࢟૛ ൅ ࢠ െ ࢊ ૛

The force on the charge q due to the surface charge is

ࡲ ൌ
૚

૝࣊ࣕ࢕

ࢗ · ′ࢗ
૛ࢊ ૛ ࢑෡ ൌ െ

૚
૝࣊ࣕ࢕

ࢋ࣑
ࢋ࣑ ൅ ૛

૛ࢗ

૛ࢊ ૛
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Example 4.8 (Alternate method)

We will use (1) image charges and (2) boundary conditions 
to solve this problem here.

Boundary condition at z = 0

∥,࢔࢏ࡱ ൌ 	∥,࢚࢛࢕ࡱ ୄ,࢔࢏ࡰ ൌ ୄ,࢚࢛࢕ࡰ ୄ,࢔࢏ࡱࣕ ൌ ୄ,࢚࢛࢕ࡱ࢕ࣕ

For z > 0

࢚࢛࢕ࢂ ൌ
૚

૝࣊ࣕ࢕

ࢗ

࢞૛ ൅ ࢟૛ ൅ ࢠ െ ࢊ ૛
൅

′ࢗ

࢞૛ ൅ ࢟૛ ൅ ࢠ ൅ ࢊ ૛

For z < 0

࢔࢏ࢂ ൌ
૚

૝࣊ࣕ࢕

′′ࢗ

࢞૛ ൅ ࢟૛ ൅ ࢠ െ ࢊ ૛
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Let ࣋૛ ൌ ࢞૛ ൅ ࢟૛

∥ࡱ ൌ െ
ࢂࣔ
ࣔ࣋

From the b.c. for the E field parallel to the interface, at z = 0

െ
࢔࢏ࢂࣔ
ࣔ࣋

ൌ െ
࢚࢛࢕ࢂࣔ
ࣔ࣋

′′ࢗ࣋

࣋૛ ൅ ૛ࢊ
૜ ൌ

ࢗ࣋

࣋૛ ൅ ૛ࢊ
૜ ൅

′ࢗ࣋

࣋૛ ൅ ૛ࢊ
૜

ᇱᇱࢗ ൌ ࢗ ൅ ′ࢗ (1)
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From the b.c. for the normal ࡰ at the interface,

െࣕ
࢔࢏ࢂࣔ
ࢠࣔ

ൌ െࣕ࢕
࢚࢛࢕ࢂࣔ
ࢠࣔ

ᇱᇱࢗࣕ ൌ ࢕ࣕ ࢗ െ ′ࢗ (2)

From (1) and (2) 

ᇱࢗ ൌ െ
ࣕ െ ࢕ࣕ
ࣕ ൅ ࢕ࣕ

ࢗ ᇱᇱࢗ ൌ
૛ࣕ࢕
࢕ࣕ ൅ ࣕ

ࢗ

ᇱࢗ ൌ െ
࢕ࣕ ૚ ൅ ࢋ࣑ െ ࢕ࣕ
࢕ࣕ ૚ ൅ ࢋ࣑ ൅ ࢕ࣕ

ࢗ ൌ െ
ࢋ࣑

૛ ൅ ࢋ࣑
ࢗ

This is the same as derived on page 43.
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Energy in dielectric systems

The amount of energy required to charge a capacitor is 

ࢃࢊ ൌ ࢗࢊࢂ ൌ
ࢗ
࡯
ࢗࢊ

ࢃ ൌ නࢃࢊ ൌ න
ࢗ
࡯
ࢗࢊ ൌ

૚
૛
૛ࡽ

࡯
ൌ
૚
૛
૛ࢂ࡯

Now if we have a dielectric filling inside the capacitor, the 
capacitance increases,

ᇱ࡯ ൌ κ࡯

So the work required to charge a capacitor to the same 
voltage V increases

ᇱࢃ ൌ
૚
૛
૛ࢂᇱ࡯ ൌ κ

૚
૛
૛ࢂ࡯
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However, if we only want to charge the capacitor to the 
same amount of charges, the voltage across the capacitor 
actually drops 

ᇱࢂ ൌ
ࡽ
′࡯
ൌ
ࡽ
κ࡯

ൌ
ࢂ
κ

And the work done is less 

ᇱࢃ ൌ
૚
૛
૛′ࢂᇱ࡯ ൌ

૚
૛
κ࡯

ࢂ
κ

૛

ൌ
૚
κ
ࢃ

In Chapter 2, we derive that the energy stored in an 
electrostatic field is

ࢃ ൌ
࢕ࣕ
૛
නࡱ૛࣎ࢊ
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To extend the previous equation to dielectric materials, we 
re-write the equation as 

ࢃ ൌ
ࣕ
૛
නࡱ૛࣎ࢊ

For linear dielectric materials, we assume 
that ε is a constant and we can move it into the integral

ࢃ ൌ
૚
૛
නࡰ · ࣎ࢊࡱ

To verify this equation, we argue as follow:
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Assume that we bring some free charges near a dielectric, the 
work done is 

ࢃ∆ ൌ න ࢌ࣋∆ ࣎ࢊࢂ

Since સ · ࡰ ൌ ࢌ࣋

ࢃ∆ ൌ න સ · ࡰ∆ ࣎ࢊࢂ

Integration by part, we have

ࢃ∆ ൌ නસ · ࢂࡰ∆ ࣎ࢊ ൅න∆ࡰ · െસࢂ ࣎ࢊ

ࢃ∆ ൌ න∆ࡰ · ࣎ࢊࡱ
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Now if the medium is a linear dielectric, then ࡰ ൌ ࡱࣕ

૚
૛
∆ ࡰ · ࡱ ൌ

૚
૛
∆ ૛ࡱࣕ ൌ ࣕ ࡱ∆ · ࡱ ൌ ࡰ∆ · ࡱ

∆=ࢃ∆ ૚

૛
ࡰ׬ · ࣎ࢊࡱ

ࢃ ൌ
૚
૛
නࡰ · ࣎ࢊࡱ
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Force on dielectrics

Here we study the work done when a slab 
of linear dielectric material is pull out of a 
capacitor.  This is due to the fringing field 
around the edge of the capacitor.

ࢃࢊ ൌ ࢒࢒࢛࢖ࡲ · ࢞ࢊ ࡲ ൌ െ
ࢃࢊ
࢞ࢊ

Capacitance of a half-filled capacitor is,

࡯ ൌ ࢕ࣕ
࢝࢞
ࢊ
൅ ࣕ

࢝ሺ࢒ െ ࢞ሻ
ࢊ

ൌ ࣕ
࢒࢝
ࢊ
൅
࢝࢞
ࢊ
ሺࣕ࢕ െ ࣕሻ

࡯ ൌ ࣕ
࢒࢝
ࢊ
െ ࢕ࣕ

࢞࢝ࢋ࣑
ࢊ
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Assuming that total charge on the capacitor is held 
constant, the force required to pull the dielectric out is

ࡲ ൌ െ
ࢃࢊ
࢞ࢊ

ൌ െ
ࢃࣔ
࡯ࣔ

·
࡯ࢊ
࢞ࢊ

ൌ
૚
૛
૛ࡽ

૛࡯
࡯ࢊ
࢞ࢊ

From the last equation on previous page,

࡯ࢊ
࢞ࢊ

ൌ െ
࢝ࢋ࣑࢕ࣕ
ࢊ

Substituting back into the above equation

ࡲ ൌ െ
૚
૛
૛ࢂ

࢝ࢋ࣑࢕ࣕ
ࢊ

Notice that we were able to determine the force without 
knowing the details of the fringing field.
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