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1. Laplace’s equation
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3. Separation of Variables

4. Multipole Expansion
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Laplace’s Equation

As we mentioned earlier, in electrostatics the major task
is to find E field for a given charge distribution. This is
basically a “source” problem, can be accomplished by
Coulomb’s Law and principle of superposition.

1 7
— p@)dt’
Jrzp()

E:4-TL'E

If the field is too difficult to solve, we can always try to
solve the potential

V@ =L jl (r)dr
"= ame, | 7PN

In this chapter, we will concentrated on solving the
electric potential as a boundary value problem. We
start out with Gauss’s law in differential form:

In free space where p = 0, we have the Laplace’s
equation.

V2V =0

This type of problems are very common because it is
rather easy to set up a boundary condition using a
constant voltage power supply.
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Examples of boundary value problems

1. An infinite waveguide,

2. A charge near a grounded conducting plane,
3. A charge near a grounded conducting sphere,

Laplace’s equation in Cartesian coordinates

v . a*v . %V
ax2 " dy? 9z
The solution to Laplace’s equation are the harmonic

functions. The typical method used to solve Laplace’s
equation is the “separation of variables” technique.

V(xry' Z) = Vx(x) : Vy(y) : VZ(Z)
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For the 1D case, we have
d*v

dx?
And the solution can be

Vix)=mx+b

The above equation has two unknowns, so we will
need two boundary conditions to solve this problem.

For example: V(x;) and V(x,), or V(x,) and %,
av(xz)
V(x,) and o

Is it possible to have the boundary conditions as % and % ?
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One important thing here is the fact that the solution
of Laplace’s equation does not have a “local”
minimum.

V(x+a);V(x—a)’ a—0.

1. Foranyx, V(x) =

2. Laplace’s equation does not allow local minima or
maxima. All minima or maxima only occur at the
boundary.

3. These properties of the Laplace’s equations can be
extended to 2D and 3D.

Laplace’s equation in two dimension

?V(x,y) N *V(xy) 0
ax2 ayr
Use separation of variables, we can write V(x, y) as

Vxy) =fx)-90)

And substitute back into the Laplace equation
above, we end up with

9*f(x) ?g(y)
g(y) Ix2 +f(x)' ayz =0
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In the above equation, since each term depends on one
variable only and these two variables are different, so the
only way that the above equation is correct is when each
term equals to a constant.

1 Pfx) _

fo o K
L.mz_kz
ay) 0y?

The solutions to the 2D equation on previous page are
harmonic functions. They have the same properties as
we noted for the 1D case, i.e.

1. No local maximum or minimum, all extrema occur
at the boundary as shown in the figure below.

2. At a given point, the potential is equal to the
average potential around that point.

1
=lim —
V(ix,y) J 2mR iwclzva(

The radius of the circle is R, and R is small.
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The same idea can be extended to 3D

1. No local maximum or minimum, all extrema occur
at the boundary as shown in the equation below.

2. At a given point, the potential is equal to the
average potential around that point.

; 1
sphere
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A charge q is located at (0, 0, z), show that the potential at the
origin is given by the average potential on the surface of the sphere.

PROOF
Potential on the surface of the sphere is given by |

1 q
V= 1 2 _ 2 2 _
Ine,r Ve Z“+R 2ZRcosO
§ 1 q R?sin0d0d¢
sphere 4m€,ATR® [;2 | R2 _27Rcos®
_q PR IZ" sin0d6
4mR? 26, Jo [z2 { R2 — 22Rcos0
-4 R R -@-Rr -1
" 4mR? 2¢,2zR & & T 4me,z
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The equation on page 13, turn out to be the
potential at the origin due to the charge q at (0,0,z),
or the potential at point z due to a charge q at the
origin:

q

4me, 2

V(P) =

Problem 3.2 Earnshaw’s Theorem

Electrostatic force alone can not hold a charge in stable
equilibrium, because electrostatic potential satisfied the
Laplace’s equation, so it cannot have a local minimum.

srenuelod ¢

Boundary conditions and uniqueness theorems

For Laplace’s equation, if a suitable set of boundary
conditions are known, then the solution is uniquely defined.

But what are “suitable” boundary conditions? In 1D, it is
rather easy to see. For 2D or 3D cases, the answer to the
above questions is presented in the form of “Uniqueness
theorems”

First Uniqueness theorem

V specified
The solution to Laplace’s equation .50,
in a volume 7 is uniquely ™
determined if the potential V on the

boundary surface S is specified.

€1/0T
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A hand-waving argument

Assume there are two different solutions, V, and V,
for the same B.C.

Let V;=V,-V, and we can see that V; is also a solution
of the Laplace’s equation,

Vi3 =V2(Vy— V) =V, - V2V, =0

Since the B.C. of V; is zero everywhere on the boundary
and the solution of Laplace’s equation does not allow
local minimum, therefore V; is zero everywhere inside
the boundary.

PROOF
Start with the Green’s identity (eq. (c) in Problem 1.61).

[vg+vr-vg)ar = §rvg) - aa

Let U=V,-V,, and f=U and g =U, it is clear that U =0 at
the boundary and V2U = 0 inside the volume. So we
end up with 0 0

f(uv U+|711-|7U)dr=f(u U)-da
v S

=) pU=0 everywhere
mm==) U = constant, everywhere

Since U=0 at boundary, so U=0 everywhere
inside the boundary.

€1/0T
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The second Uniqueness Theorem

In a volume V, surrounded by conductors and
containing a specified charge density p, the electric field
is uniquely determined if the total charge on each
conductor is given.

Assume there are two
different E fields satisfied the
same B.C.
V-E1=£ and V-E, =£
Now let f;, = El - EZ
—) V-E3=0 and ?gfg,-ﬁ:o

Now let V; be the potential that is associated with E;.

€1/0T
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Eg = —VV3

Next we will use the product rule,
0

V- (V3E;) = Vs(V/‘Es) +E3- (W3) = —(E3)?
0
ﬁ;v ' (V3E3)d1’- = és V%{ E =- fv(E3)2 dt

f (E3)?*dt =0
14

Since (E3)? is always >0 |:> E3 =0

The third Uniqueness Theorem

If the charge density p is given and either V or aV/,,n is
given at the boundary, then the E field is uniquely
determined.

Suppose Let U=V, -V,, and El = —VV; and fz =-VV,

It is clear that V2U = 0 everywhere and %Y/, = 0 at the
boundary. Let’s use the Green’s identity on page 17.

L(U\yfu+vu~vu)dr=£(u77u).@

J,lVU?dt=0 == VU=0 =5 U=const.

V,=V,+C, => E,=E,

1/01
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The method of images

When a charge is brought near an
infinite grounded conducting plane as
shown on the right, the electric field will
be modified by the grounded conductor. —% = &
The charge will also induce a surface
charge distribution even though the

conductor is grounded.

This is simply a “boundary value” problem. We need to
find a charge distribution that can “create” the same
boundary condition. For a point charge near the infinitely
large grounded conducting plane, an image charge on the
other side will do the trick.

q —-q

V(x,y,z) =

1
+
4me, V2 +y2+(z—d)? 2 +y P+ (z+d)?

The electric field is given by

1/0T
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1 —qd
o(x,y,0) = — 4

3
M [ +y? +d?

The total charge on the conducting plane is

qd rdr - dé
Q= ffa rdfdr —f
2nVr? + d2

s[enuolog ¢ w03dey)

o av v
El—g ~“on |:> 7=-€3 ot
1 —q(0—d) —q(0+d)
o(xy,0)=—|— 7~ 3
VaE+y2+d2 a2 +y?+d?
Force and Energy

Force between the charge and its image charge.

Fo- L T ¢
" 4me, (2d)?
and 2
__ 1 4  (Only in the space
41e, 4d where q is located)

The above equations can be calculated through
integration over the whole surface charge.

=de and W=ffa

1/0T
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A charge near a grounded conducting sphere

When we put two charges q, and q, a distance 2d apart,
if q; = -q,, we know that at the mid-point there is a plane
that has a zero potential.

Now if |q1| # |g2], but they do have opposite charges,
what will be the shape of the zero potential surface??

Il
’/’/-‘{.\
L

s

The potentials due to q and q’ can be written as follow:

_ q 1 q
T Amey [t — 74|  4me, ¥ — 7|

4G

where 7'y is the position of q and 7 is the position of q’

Now let 7 = R, and since V(E) = 0,we end up with

‘I+qi

T—_ — =0
[R-74 |R-7|

1. Choose 7’ to be in the same direction as 7', and let
r1=ri@ and 7 =r'G (point P1)

1/01
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¥/ pa L ) Pt
R a— 1 o
y g A N
R? = A
2. Letr' =— and R = R?
T1
r ’
_ q _— qu - q 4o q -0
[R-ma| |g_Rg |R-mal K7 ral
T T

3. Letq' = —rﬂq
1

a a4  _
IRF — @l |ri7 — Ral

The following expression is always true because of the
Law of cosine.

Therefore, for a charge q near a grounded sphere, we
can always find an image charge with q' = — rﬂ q, which
1

2
located at 1’ = I:—, that will simulate the grounded
1

sphere.

1/0T
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Similar method can be used to find the potential and
field of a charge near a conducting sphere with a
constant potential of V, or a charge inside a grounded

conducting shell.
\%
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In Cartesian coordinates, we have

1 q aq
Ameo [ [x% +y2 + (z — d)? J

Vix,y,z) =

2\2
x2+yz+(z—%)

In spherical coordinates

V(r6,¢) = —— q 1q

416, | [r2 1 d? — 2rdcos6 R2\2 R?
2+ (T) — 21 cos6

E field and the surface charge density can be found
from the potential V.

1/0T
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Separation of Variables

¢ Cartesian Coordinates
¢ Spherical Coordinates

¢ Cylindrical Coordinates

ET/0T
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Separation of variables (Cartesian Coordinates)

B.C. (1) V=0 at y=0

a van (2) V=0, fory=a
(3) V=V(y), x=0
. . % 4) V(x)=0,asx >0
v N %V 0
axz " ay?

Let V(x,y)=X(x): Y(¥), we end up with

1 *X(x)

= gAY _ 42 1 _azY(y): 2
X(x)  ox? Y(y) 9y?

1/01
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:: X(x) = Ae** 4 Be™H*
Y(y) = Csinky + Dcosky
V(x,y) = (Ae** + Be™**)(Csinky + Dcosky)

(1)When y=0, V(x,0)=0. == soD=0.
(2)When y = a, V(x,a) =0, ™ sin(ka)=0

ka = nr, n is integer

(8) When x = o0, V=0, =) A =0.

So we end up with

(s nnm
V(x,y)=Ce a*- sin(Ty) (€' =CB)

9108/£1/01
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Since n can be any integer, we re-write the solution

as .
_nm nm
V() = ) Caea"sin (-y)
n=1

Now we match the last boundary condition to
find the coefficients C,.

- nmw
V(,y) = Z C,sin—y
n=1 a

Times both sides by sin™™ and integrate from 0 to a

a

Cp- <g) = fV(O,y) -sin (?}’) dy
0

1/0T
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For example, if V(0,y)=V,

2w,  mm o
G=" f sin(7y)ay

0

2V, a (1 ( )) (iv for nis even
= -—(1—cos(nm)) = .

a nm —2, for nis odd

nn
4v, 1 »r, —mm
V(x,y) = P e sm(7y)
n=13,5

9108/£1/01
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A set of function f,(x) is said to be "complete” if any

function g(x) can be expressed by

9D = ) Cafa@
n=1

A “complete” set of function has the following properties

Orthogonal
ffn(x)fm(x)dx:() ifn#m

Orthonormal

[ 1w puoas={y nEm
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Example 3.4 (Modified)

Similar to example 3.4, but choice of origin is different.

v %

WJ’a_yZ: Vix,y) =X(x) - Y(y)

0 let

1 d*X(x)
X(x) dx?

1 d’v(y) @
Y(y) dy?

X(x) = Ae** + Be™**
Y(y) = C- cos(ky) + D - sin(ky)

1/01

From B.C. 1. and 2. we have:
Y(a) = C-coska+ D - sinka = 0
Y(—a) = C - coska — Dsinka = 0
From above we can see that

mm
=) k=—— misodd

D=0,C#0, and cos(ka) =0 2a

or
C=0,D #0, and sin(ka) =0 =) k= mn m is integer
a

9102/¢
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Since there is symmetry in the y direction, so the
function Y(y) needs to be an even function, therefore

C#O,D=0,andk=%,misodd

In the x-direction, X(x) is also an even function, since
both e** and e ** are not even or odd, we re-construct
the solution for X(x) as follow, we find B=0 as follow:

0
X(x) = Acosh(kx) + By’aﬂﬁkx) = Acosh(kx)
A general solution will be

mn mn
Ccosh (ﬁx) cos (—y)

Vix,y) = 2a

m=odd

Vix,y) =

To find the coefficients C_,, we need to use the B.C. 3
and 4 on page 37.

‘We will leave this as an exercise. Please compare this
result with Example 3.4

4v,

mrtb) 2a

m=odd M - cosh (W

1/0T
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h mm mm
cos ( x) cos ( 2a y)

Spherical coordibates

The Laplace’s equation in spherical coordinates is giving below:

1o/ 0y 1 a/(. ,ov\ 1 *v
Zor\" or) " 12sin0 96 \*'""" 80 ) T vZsin20 92

LetV(r,0,¢9) = R(r) - ©(0) - (@) , substitute into the
above equation, then divided by V(r, 0, @)

1 0(,0R) 1 9 (0@, 1 32¢_0
r2R(r) ar " or) T iZsine- 0(0) a0 S50 ) T 72sine - @(p) dp?
2

The above equation X r2sin%@

|

Lsin6o (. 08\ 1 62<b_0
0@ 30\*"™ 30 )| " ®(p)agZ ~

Since the first two terms are independent of ¢, so the last
term has to equal to a constant, and let it equal to —m?.
1 3%

= e

The solution of eq. (1) is giving by

sin%6 a ( 26R(r))
—|r
R(r) or ar

-m> 1)

®(p) = Ae*tim® + Be~ime

Substitute eq. (1) into the equation at the top, we end up with:

03@(9)) Cmeo

sinzei 2 AR(1)
a0

sin@ 9 [ .
R@) ar\' or st

0(6) 26

1/0T
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Re-arrange

1 9/ ,0R\ 1 9 (inp?® m?
R@or\" or) o) sin0a0\"""*96)  sinZe

The 2nd & 3rd terms are independent of r, let them be —I(I + 1), after
re-arrange:

12 (022 + 10+ 1)-""]e@) =0
—— | Stn0 — o =
sin6 a0 sin?0

The 1% term becomes

2

— rza—R —l(l+1DR@) =0
ar ar

The solution of this radial equation can be written as

R(@) = Ar! + Br— &0

ET/0T
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Assume no azimuthal dependence, m = 0, the angular part
becomes

1 d '00+ll+1®—0

singde \°" t+16 =
Next, change of variables, we let cos@ = x, then
d(cos@) = dx = —sin6d6

d do(x) 5
E[(l —x%) e ] +I1+1)0(x) =0

The solutions of the above equation are Legendre
polynomials of order I.

0(x) = Py(x)

1/01
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Py(x)=1
Pi(x)=x
Py(x) = %(3::2 -1)
P3(x) = %(5x3 —3x)

1
Py(x) = g(35x4 —30x% +3)

In general, P;(x) is defined by Rodrigues formula:

1 (d\
Py(x) = ﬂ(ﬁ) (x% - l)l
Form#0,
myz d™
PP = (~D)™(1 - 22)" S (Py)

9108/£1/01
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The Legendre polynomial of order [ is an I-th
order polynomial.

P,(0) = 1, P,(0)=0, P,(0)=-1/2, P3(0)=0, ....
P(1)=1 foralll

The Legendre polynomials is a complete
orthogonal set, namely any function can be
expressed using Legendre polynomial. The
solution of Laplace equation with azimuthal
symmetry can be expressed as

V@, 0) = ) (Ap' + Br~&D)Py(cosh)
=0

1/0T
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The orthogonal properties of P;(x)is given by

1
2
[ Per - dx = o

=il

From Rodrigues formula, we can derive the following
recurrence formula.

dPyq dP, _

Tdx  ax Gl DLP=0

A+ 1)Ppq— @I+ 1DxP +1P;_; =0
dPy,  dP;

ax Fax FDP=0

(2% - 1)ﬂ—txp +IP_;=0
dx ] -1

9108/£1/01
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Example 3.6, 3.7 & 3.8

1/0T
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Laplace’s equation in cylindrical Coordinates

In cylindrical coordinates, the Laplace’s
equation is given by

v2y = av +162V+02V_0
“ror\"or) 1202 "oz T

LetV(r,@,z) = R(r) - ®(¢) - Z(z), and substitute in the
above equation

1 a( 6R(r)> Lazd)((p) 1 0*Z

Ror\" or ) 70 a9z Z@eZ

spenuel0g & w1duy)

Let the third term equal to a constant

1 9%Z(2) 2
_ = ) 7 = Ae*z + Bekz
7@ oz k (2) e“” + Be

Now go back to the Laplace’s equation, we have

10/(0R\ 1 02¢+k2_0
TRor\" or T2 dp? -

2

Times r, we end up with

ro(OR\ L2, 1 ’d
Ror\"ar) T Y gy a7 T

1/01
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®(p) = €™ + D, e”me

The radial component part becomes
rad [ OR
(= 2.2 _ 02 _
Rar(rar)+kr m 0
a’R AR
2 2.2 2
r*—+r—+(k°r*—m*)R=0
ar? ar ( )
Change variable, let » = kr
a’R AR
2 2 2\p —
——tr—+(r“—m*)R=0
ar? or ( )
The solution of the above equation is a Bessel function
of order m.

If the boundary condition involves an infinite cylinder or
wire, such that there is no z-dependence, then k =0 and
the radial function reduces to

,d*R(r)  dR(r) B

oz T m?R(r) =0

The solutions to the above equation can be polynomials
of r.

R(r) =A™+ B,r ™
Combine with the @-dependence function, we have:

V(r, @) = Ayln(r) + B, + Z (Apr™ + By ™) (Cpcosme + D, sinme)

m=1

1/0T

9105/

senuojod ¢ 3dey))

Multipole expansion

Here we will explain (a) what is multipoles and (b) show
the potential and field of a dipole and a quadrupole. We
will also explain (c) what is multipole expansion and
why we are interested in multipole expansion.

Electric dipole

A charge q is located at y = d/2, and
A charge —q is located at y = -d/2.

1 |q  —q

VR = 4me, [Ty  T-

Assume thatr > d

d\’ d
ry= r2+<—) —rdcosO =1 |1 ——cosO

2 r

d\’ d
r_= r2+(i> —rdcos(m—0) =1 1+;cosﬂ

Assume that r > d

Substitute into equation on page 53

V(P) = 1 ad
()~4neor

1/0T
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Define dipole moment P= qE, where d is a displacement
vector from —q to q.

1 P

4me, 12

=

V(P) =

The E-field of a dipole is given by

v 1 2P
T ar  4me,

_ 10V_ 1 P
9~ 7700  4me,13

gL v _
Y7 rsinfde

Physical dipole

10/13/2016

Ideal dipole

£1/0T
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" i L
Linear quadrupole
1 2
a_29, 4

V(r) =

4me, [ry T T_ 47
1

I
T amer|r,  T_

2
d\* 2d Letz = (%) —2coso
ro=r|1+|= —70050 T r

r 1 3 5
— =1 71/2:1__ T2 T3
- (1+¢ 2£+8£ 16¢ +

/0t

9105/
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2 2
0|+ d 2d ]
2|72 8|\r r o8

d 1(a\* 3 (d\®
=1+—-cos@—s|=| +54(=) cos“6+ -
r r r

l[d2 2d ] 3

2 8 .
d a3 , 1 H
=14+—cosO+|—]) |zcos“0 —=|+ - <
r r 2 2 g
Similarly £
2
r d d\"[3 , 1
—=1—-——cosO+|—) |scos*0 —=[+ -
r r r 2 2
1 2qd? [3cos26-1
V) ~ ot e

The monopole term cancels out and the dipole term also cancels out.
The potential is proportional to 73

The electric field of a quadrupole is given by
v 6qd? [300529]

=

Tor  4dme,rt| 2
19V 2qd? 3c0505ind
=——7—=—"7"3€0s0sln
o 100 4me,r*
‘We noticed that:
monopole 1 1 P,(cos6)
T
i 1
dipole ~ = cos8 P4(cos6)
r
quadrupole _ l Ecosza _ 1 P,(cos0)
|2 2
Octopol 1 [5 3 P 0
e ~ [— cos30 — —cose] a(cos6)
™ |2 2

S[ENUI0d € 910D 910z/e1/01
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Multipole Expansion

So far we have learned that a point charge (monopole)
generates a potential that is ~ 1/, and +q and —q separated
by a small distance creates a dipole potential that is ~ 1/r2
And if we put two dipole together, we create a quadrupole
potential thatis ~ 1/ ; and soon ....

Next we will explain what is multipole expansion and why
we want to use this particular technique. We want to
show that an arbitrary charge distribution can be
expressed in terms of multipole expansion.
1 (p@)
Vir) =—— dt’
® 4me, f 7

and r=r—1r

ET/0T
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Substitute eq. (1) into the last equation

1 1 1( (r\? r 3\ (r z
—==|1-5||=] —2—=cos0 |+5|—=) |—=—2cos0 | + -
r T 2\\r r 8\r T \

1 1

r

3 29—14-13 5‘39—E 9
ZCOS 2 r ZCOS ZCOS
1 15: ! "P 0
r r T n(cos6)

1 = 1
_- nn ’ '
V(@) = e, Eornﬂf(r) P,(cos@)p(r)dr
=

—_—

s[enu0g ¢ @14y 9103/
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So we have shown that an arbitrary charge distribution can be
expressed in terms of monopole term, dipole term, quadrupole term,
and so on.

In general, the strength of monopole > strength of dipole > strength
of quadrupole > strength of octopole

smano > Sdipnle > Squadru > socta
The dipole term can be written in terms of vectors

11 ,
HT—ZJ- r'cosOp(r')dt

1 1. (5 g
) 4n€or—zr-J’rp(r )dt’

Define P as dipole moment,

P= fﬁ p()dt’

€1/0T
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r=r—-r
7 =12 +71'2 - 2rr'cosd
1 1 1 ;
ror , ,
1+(r7) —ZT?wsG %
N2 o =
Let (r;) —2Tcosf =g - @
1
- _2 1/2
p 1+e
1 1/ 1 3, 5,
For\ 2878 T16°
Let’s expand the first few terms,
Forn=0
14 dt’
0= Ime, rfP(T) T
Forn=1
Vi = —— [ Py (cos8) pr)ar’
= Ime, 2 r'Py(cos8) p(r")dt
Forn=2 H
2
Vv, = e, r3f(r’) P, (cos0)p(r')dt
Forn=3
3 /
V3= ane, r4f(r) P3(cosO)p(r')dt
1 7P
Vaipote = 47‘[601‘_2

The concept of “moment” comes from mathematics,
My is the nth moment of a distribution function f(x)

Uy = J’x" - f(x)dx

In physics, we define moment of inertia (2" moment)
as

I= f(r’)zp(r’)d‘r’

So we can see that dipole moment is a 1% order
moment and quadrupole moment is a 2" order
moment, and so on.
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The electric field of a dipole

The electric field of a dipole at the origin derived on slide
55 can be written in the vector form as follow:
p

Eqp(r,0) = e 3 (2cos6f + singd)
o

The above equation can be written in the following form

Eaip() = o— % [3( - #)7 — B

4me,

ET/0T
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Physical dipole and ideal dipole

On slide 53, we start out with an expression that
describes a physical dipole, we assume that r >> d, we
end up with an exact expression of an ideal dipole on
slide 55. The ideal dipole expression was re-derived
again on slide 65 using multipole expansion. The
difference between a physical dipole and an ideal dipole
is shown below.

srenuelod ¢

The integrals on slide 62 are for various moments, as we
can see that moments will depend on the choice of the
origin, except the “monopole moment” which is the net
charge. If the net charge is equal to zero, then the next
leading term will be independent of the choice of the
origin.

So it is meaningless to talk about the dipole moment if
(a) net charge is not zero, and (b) we don’t know where is
the origin.

€1/0T
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Origin of coordinates in multipole expansion

On slide 64, we showed the first few terms of the multipole
expansion. We can see that the monopole term is just the
sum of all charges, so it is independent of the coordinates.
This is just the charge conservation law. All other higher
order terms, such as dipole, quadrupole, or octopole
moments will depend on the choice of the origin of the
coordinate systems.

In addition, we have a theorem stating that the leading non-
zero term of the multipole expansion will always be
independent of the choice of the origin of the coordinates.
So if the net charge is equal to zero, then the dipole moment
of this charge distribution will be independent of the choice
of the origin of the coordinate systems. This is
demonstrated on the next page:

. ¥
Assume we have two coordinate

systems, the xy system and the Xy oy
system and

i "
— l|"%ﬂ
r=r a L;,;____‘

So the dipole moment in the xy
system is given by

p= [ roaar = [ - @paar

= fr’p(r’)dt' = afp(r’)dt' =p—Qa

IfQ=0,thenp=p

€1/0T
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