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Project No. 3


Due April 23, 2001


The He atom: Self-consistent field and multi-electron orbitals 





References


See Liboff Section 13.10. You should plan on reading about the Hartree method or Hartree-Fock method in at least one other textbook from the library.


Goals


To calculate the wavefunctions and ground-state energies of 2 (and possibly 3) electron atoms.


Theory


For simplicity, we are going to assume that the nucleus has infinite mass and is therefore immobile. The charge of the nucleus is given to be +Ze; our results are valid for any nuclear charge orbitted by 2 electrons (to the level of approximation that we use).


We know that the electronic configuration of the ground-state for He is 1s2, and for Be is 1s22s1. We are going to assume that the multi-electron wavefunction is separable, and that the final ground-state charge distribution of the exact wavefunctions is spherically symmetric (it is). The only thing we are going to neglect is a part of the electron-electron repulsion that is not spherically symmetric, called the “correlation energy”, which is beyond our capabilities in this course.


The wavefunction is assumed to have the product wavefunction form


�EMBED Equation.3���


where the spin part is assumed to be the case of paired spins, S=0 (it is). The two electrons are identical, and each interacts with the nucleus through an attractive electrostatic potential. Electron number 1 also interacts with electron number 2 through coulomb repulsion, and vice-versa. This is a new term in the Hamiltonian. Each one electron wavefunction satisfies a TISE that is written
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where H0 is the hydrogenic potential of the electron in the field of the nucleus, and Vj is the electron-electron repulsion term. Explicitly,


�EMBED Equation.3���


The Coulomb interaction potential requires you to know the solution to the Schroedinger equation, in order to solve the Schroedinger equation! This situation arises often in quantum mechanics. The way around the problem is an iterative method of solution, in which we guess a form for the initial Vj, substitute into the S.E., solve for the wave-functions, and then substitute these back into the defintion of Vj to improve the guess.


The integral in the electron-electron interaction potential requires some care in evaluation. In our problem, both of the electrons will have the same spatial wavefunction (ground state), and it is spherically symmetric. This means you can puzzle out how to do the integral by considering Gauss’es law in electrostatics. This is assigned as part of the project below.


In order to evaluate the integral formally, you need to use the substitution
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where r> and r< are the (greater,lesser) of (|r1|,|r2|), and cos(q) is the angle between the two vectors.





Numerical solution


To start out the iterative solution, we need an initial guess for Vj, and we need to label each successive iteration, Vj(i). For the zeroth-order guess, we can just let there be no interaction potential, so that Vj(0)=0. The solutions to the SE will then be the hydrogenic solutions, which we already know, and can therefore check our results. The ground state energy that we determine will be the hydrogenic solution, which we also know.


It is important to realize that we know have two sets of iterations to do. For each iteration of the interaction potential V(i), we must also iterate over the value of the energy eigenvalue, just as we have done before for 1-electron problems. This “inner iteration” over Ej is now “understood”, since it is part of your previous programming package.


Don’t forget that the total energy of the atom is the sum of the individual energies of each electron,


�EMBED Equation.3���.


The formal structure of the iteration over the interaction potential is given by the following set of equations. Note that the wavefunctions, the energy eigenvalues, and the interaction potential all now are labelled with an iteration superscript.
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Note that since we are dealing with only 2 electrons, the sums are really just one term. Also, and very important, is that we are only doing the ground state. That means that you only need to solve for one of the wave-functions; the other one is identical.


Tasks


The project involves both analytical components and numerical components.


Analytical: Treat the Helium atom as a perturbation problem, in which the interaction potential Vj is the perturbation. Calculate the unperturbed ground-state energy, and then apply the perturbation to get the first order correction to the ground-state energy. Show all of your analysis and work, of course.


Analytical: For the unperturbed ground-state single particle wavefunctions of the He atom, you can explicitly evaluate the integral for the interaction potential Vj. It is easier to do if you think about this as a charge density problem in electrostatics. 


Numerical/Analytical: Write a subroutine to calculate the integral that appears in the interaction potential, for an arbitrary wavefunction. Specifically, for write a subroutine that can evaluate the following integral for any f(r):
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Test your subroutine by choosing an f(r) such that you can either do the integral exactly or look it up.


Numerical: Determine the ground-state energy of the He atom numerically, using the iterative scheme described above. Your iterations are complete when the interaction potential converges, that is,
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The precision of your calculation depends on how close these two values are, which can more easily be monitored by looking at the convergence of the energy eigenvalues:
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Reporting elements


Your report should include the usual components of a theoretical discussion, psuedocode, documented program and so forth. The following explicit considerations should be made.


Discuss how the perturbation changes the ground state energy of the helium atom. Is the binding energy larger or smaller, and why? Is the size of the change reasonable?


Show the changes of your binding energies as a function of iteration number. Comment on how the program converges to the correct answer (if it does). Be concerned that convergence is sometimes a tricky thing, and your solution may oscillate, overshoot, coverge slowly, or not at all, depending on any number of factors.


Plot the unperturbed wavefunctions, and the final numerical wavefunctions together on a graph so they can be compared. Do the same for the radial charge density. Make observations about the changes.


A very similar procedure can be used to find the ground state energy of the Beryllium atom, which has the configuration 1s2s1. Describe how you would have to modify your program to calculate the ground state energy and wavefunctions for Be.





Extra credit


Calculate the ground-state energy and 1s and 2s wave-functions of the Be atom, to the same level of approximation as the He atom (i.e., spherical symmetry is assumed for all wavefunctions and for the charge density). A completely correct solution will be worth 25% applied to the final exam.


